


Dear Reader,

This is a set of lecture notes typed for the course Stochastic Calculus with applications to Finance taught
at the University of Cambridge during the academic year 2024-2025. Prerequisites for this document
include the contents of a second course in Probability Theory: Conditional Expectation, Martingales,
Brownian Motion, etc. in addition to a strong will to live.

Yours falsely,

JOF.
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CONTENTS 5
Notation and how to study these notes

Difficulty notations:

#: denotes a proof or idea that is hard or hard to reproduce.

J: denotes a proof or idea that requires partially unmotivated tools or machinery that is hard to pull out
of thin air, but the rest of the argument is easy.

J: denotes a proof or idea that is easy to see knowing some other results that help motivate it.

J3: denotes a proof or idea that is easy and no particularly clever ideas are needed. For revision purposes

reading it a couple times will suffice.

Other notation:

m.Z: the set of Z#-measurable functions.

b.Z: the set of Z-measurable and bounded functions.

R, : the positive real numbers and zero.

"increasing": non-decreasing, we will use "strictly increasing" when we mean that.

{Z.}:: afiltration. | am inconsistent with notation so sometimes | refer to (Z,), as a filtration, same
thing for processes or any sequence really.

B(x,r): the open ball of radius r and center x.
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Chapter 1

Motivation: towards the Stochastic Integral

Definition 1.0.1 (Markov Process, Transition Kernels) A Markov Process (X, : t = 0) is a Real
valued .7, adapted stochastic process that satisfies the Markov Property, i.e: for any f € b and

any 0<s <1,
E[f(X.)| Z]=E[f(X,)| X]. (MP)
For a Markov Process (X;), we define the transition operator P; as the map given by
(P )(x) = ELF(X) | %o = 3] = [ £(3)pi (. )
Where p,(x,-) = P[X, €| X, = x] is the transition kernel.
Explanation as to why we want to give a meaning to
t
| rexoaw
0

An analogy of this integral would be to consider a "discrete stochastic integral”, of the following shape,
let @ € R* be a sequence, and (&;) be a sequence of independent and identically distributed Ber(1/2)

random variables when does the stochastic sum
n
Sp = Z a;&;
i=1

converge? Of course a trivial answer would be if a € £!, then

e @] e¢] Q0
Zaigi <Z‘ai€i| :Z |a;| < 0.
i-1 i1 i=1

However, we want some slightly more general results to motivate the construction of our stochastic

7



8 CHAPTER 1. MOTIVATION: TOWARDS THE STOCHASTIC INTEGRAL

integral.

Proposition 1.0.2 Let a € ¢? be a deterministic sequence, then S, as defined above converges in .£?

and almost surely.

Proof. First note that (S,) is an .Z,, Martingale, where {7, } is the filtration generated by &,,---,&,,.
Moreover, we claim that (S,) is 2% bounded. This is not hard to see:

E[|S,["] = E[S,] (ZZH: zzn:af<iai<oo
i=1 i=1

for all n, and so (S,) is £? bounded and so by Doob's ¥ Convergence Theorem, we have that (S,,)
converges in £* and almost surely. (In step (!) we used the fact that E[£;&;] =0 for i # j) Y%

Here's a Theorem that previews an argument that will be often used: the trick of localisation.

Theorem 1.0.3 Let (a,) be an Z,-previsible process with respect to the natural filtration <.

Moreover suppose that > a2 < o almost surely. Then S, converges almost surely.

Proof. Consider the following random variable:

n+1
TN:inf{n>1:2ai>N}
k=1
Since the event {Ty < n} can be determined by looking at a;,---,a,,, and (a,) is a previsible
process, all these a;s are Z,-measurable and so Ty is an .7, stopping time. Recall that (S,) is an
F,-Martingale (Indeed, from previsibility, we have that E|a, ¢, |7, |=a,E|Z, |7, ]) so by the
first part of the OST, it follows that S~ := S, .1, is also a Martingale. We are going to show that

lim,, ., Sy .1, = Sioam, eXists. For this purpose, we simply show that S is £*-bounded.

E[(SnTN)Z] —E (2 ak5k1<k<Tn)> (1.1)

=E Zn:a,il(kng)] (1.2)
<N _ (1.3)

Where step (1) comes from definition, step (2) comes from the fact that a; and & are independent
as well as the fact that the (&) are independent. Step (3) comes from the fact that on the event
1(k <T,), you have that a+---+aZ < N. (Here is why we needed to define T as a sum to 1+ 1




and hence require previsibility). Therefore the stopped Martingale is bounded and hence we have that
Suaty = Sont, almost surely and in £2. Now, if we could show that for some N, Ty was equal to
infinity, then we would actually have that S, — S,, almost surely and we would be done. However,

this is actually possible because by assumption:

lzPlzn:afl<oo]

But the event {},a? <o} equals the event {|Jy2,a? <N} which in turn equals the event
{{Uy Ty =0}. This means that with probability 1, there exists some N for which Ty = oo, thus
finishing our claim. Y%
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Chapter 2

Finite variation and the Lebesgue-Stieltjes

Integral

2.1 The Lebesgue-Stieltjes Integral

Let's start by recalling an elementary concept:

Definition 2.1.1 (Distribution Function) A function F : R, — R is said to be a distribution function

if it is right continuous and non-decreasing/increasing.

Of course we have the following "obvious correspondence": if u is a measure on R, then we can build a

distribution function as F(x) = u(—0, x|, the converse also holds.

Proposition 2.1.2 (Correspondence between measures and distribution functions) Let F(x) be a

distribution function, then there is a unique measure u with u(0,x] = F(x)— F(0).

Main idea: We can "reverse engineer" the measure u. Since we have the existence of Lebesgue measure,
we can try to set u(0, x] = Leb(0, F(x) — F(0)], it may not be immediately clear this is a measure, but
since the interval (0, F(x)— F(0)] can be written as G'(0, x| where G(y) is the generalised inverse of

F, and G is measurable, we are done.

Proof. The proof goes by considering the generalised inverse of F, i.e:
G(y)=inf{r: F(t)— F(0) >y}
Then it is clear that t > G(y) if and only if F(t)— F(0) > y. Then we can construct u as follows:

u=LeboG™*

11



12 CHAPTER 2. FINITE VARIATION AND THE LEBESGUE-STIELTJES INTEGRAL

Then
u(0,¢t]=Leb{y:0<G(y)<t}=Leb{0<y<F(t)—F(0)}=F(t)—F(0)

U is obviously a measure as it is the composition of the set inverse of a measurable function and a

measure, and it it unique as it is defined a the generating 7-system. V

Definition 2.1.3 (Local integrability) Let u be a measure, a function g: R, — R is said to be locally
u integrable if for any ¢ > 0, the function g1j ;1€ £ (u).

Definition 2.1.4 (Lebesgue-Stieltjes integral) Let F be a distribution function with corresponding
measure 4, then a function g is said to be (locally) F-integrable if and only if it is (locally) u-integrable,

and in this case, we define (or rather use the notation)

t

fg(S)dF(S):f g(s)u(dy)

0

Proposition 2.1.5 Let F be a distribution function and g a locally F-integrable function, then

t
1) | g(s)dr(s)
0
is cadlag. Moreover, if F is continuous, then so is I.

Main idea: Simple application of the DCT.

Proof. Let us show right continuity of I(#). The goal is to show that lim, o I(# +€) = I(t). Since
we are taking € | 0, without loss of generality, we can find some T large enough such that t +e < T.

And since

1(t+€)| =

Lt+eg(s)dF(s) <L|g(s)l([0, T))|(s)dF (s) < oo,

JRg<s>1<[o,r+e]><s>dF<s>

we have by the Dominated Convergence Theorem that

imI(t+e€)= JRg(s) 1([0,¢])(s)dF (s) = I(t).

€lo

Then to show the existence of left-limits, we perform a similar argument: For this, we note that

I<t - 6) = fgl[o,t] _gl(t—e,t] dF(S)
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we can brutally bound the integrand say by 2g 1y, ,;, which is integrable by local integrability of g so
we can pass the limit again using the DCT, and we get that
t

i 1t~ €)= | g(5)dF () - g(yur}

0

thus the left limit exists, and moreover, if F is continuous, then it has no atoms, and so the measure

of singletons is zero, hence I is continuous. V

2.2 Functions of bounded Variation

Definition 2.2.1 (Function of finite variation) For a function f : R, — R, we define its variation

Vi (t) as
vf<r>=s§p{2\f<xwr>—f<x;V_1Ar>»}
k=1

Where x;Y = k27N, We say that a function f is of finite variation if V;(¢) <o for all ¢, and we say
that it is of bounded variation if sup, V;() <.

The intuition is that V() measures the total oscillation of the function, by partitioning the range [0, ]
into a mesh of step-size 27V and then measuring the variation of the function along that step, and then

adding up over all steps, and then maximising over mesh size.

Theorem 2.2.2 (Variation of cadlag functions of finite variation is a distribution function) Let f :
R, — R be a cadlag function of finite variation, then V = V; is a distribution function that satisfies
the bound (*):

V(t)=V(s)=[f(2) = f(s)l

Main idea: We first show that V¥ () is increasing in N, this allows us to show inequality (x) by consider
how the sums along the dyadic partition telescope. Inequality (x) implies the increasing property. To

show right continuity, you use inequality () in the telescoped sum V¥ (t)— VN(s) as well as increasing

property.

Proof. We first prove that V is a distribution function, for this, let V¥ denote the variation along
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the mesh of size 27V then:

VY1) = S (6 A1)~ f (2 A1) (2.1)
k=1
F I Ae)=F A+ |F (e ae) = (x), A1) (2.2)
=D G ae) = f A )+ ]F (et at) = f(x A L) (2.3)
k=1
= VN“(I) (2.4)

Where step (2) is the triangle inequality, step (3) is due to the fact that x;¥ := k27" =2k2"N~!, and
step (4), which requires a bit more thinking comes from the fact that the sum in (3) is accounting
on the one hand, the variation over the even intervals, whereas the second term accounts for the
variation on the odd intervals. We thus have shown that VN < V¥*! which as a consequence implies
that V =1limy_,,, V¥, this will help us in showing the inequality (). The idea is that since
V(t)=V(s)= lim V() - VN (s),

and these latter terms are just sums, there will be a good deal of cancelling out of terms, and the few
terms that remain, we will be able to control using the fact that f is cadlag. Observe the diagram
that says it all:

N N
X, X,

3 I

We consider the dyadic partition of our interval, and without loss of generality suppose that for a
fixed N, we have some m and n, such that x¥ <s < )cn]\1’+1 and xV <t < xflVH. The key is that in
VN(t)—VN(s), (almost) everything to the left of s will get cancelled out. In fact, by staring at the

diagram for a bit and looking at the definition of V¥, we have that

VY- V) = P~ F D)+ D)1 )~ f )] () — £ ()]~ (s~ £ ()

k=m+2

However, note that in the limit,

lim |f (x,0,,) = f (x) | =[£ () = £ ()| =0

N—00

because limy . f ( m+1) = f(s) due to right continuity, and limy . f (xY) is some finite number
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due to left limits existing. This gives that
lim V() - VYo~ im [£(0) - £ ()] + 3 ) -F()] @9)
k=m+2
> lim [£(6)= f (x,,)| = |7 (6) = £ (5) (2.6)

Where step (6) comes from the triangle inequality, that allows us to bash all the terms into a single
absolute value sign, and then telescoping occurs in there. The final equality comes again due to right
continuity of f. We have established the inequality (x), and incidently, we have shown how V is

increasing.

All there is left is to show that V is right continuous. To do this, we employ (), and so by looking
at equation (2.5) and plugging in (%), we have a telescoping that reads

V()= V(s)=lim |f (1) = f (=) [+ > [F(x0) —F(x)]< V()= lim V(x},))
k=m+2
Rearranging we have that
lim V(xN )< V(s)

N—00

but since V is increasing, we also have that V (s) <limy_,, V (x¥

H N
m+1)’ because by assumption x;} |

is chosen to be strictly greater than s. Thus

lim V(x),  )=V(s)

N—00

and as such we have right continuity. (I mean, if you want full details now you should pick an ¢ and

use the limit above to find a dyadic that's close enough to s so that the difference is at most € and

then use that distance from the dyadic to s as your §) v

Let f: R, — R, we define its total variation as

|l = sup {Z | f (%) _f<xn—1)|}

0<xp<x)<---<xp=t

i.e: its highest variation over all partitions of the interval [0,7]. Naturally, since in V;(z) we only
consider one partition, we have that V() <|f|,(¢). However, from the inequality that we derived

before:
V(t)=V(s)=[f(t)—f(s)|

We see by combining it into the definition of total variation, that in fact we will get a telescoping sum

15
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and get
[ fllry (2) < Vp(2) = Vp(0) = Vi (2)

Therefore we have that in fact the total variation is equal to the variation we used above, which is
a powerful observation as it tells us that it is in fact enough to consider the variation along dyadic

intervals. This will have major measurability benefits later on.

Recall that our goal here is to make sense of integrals with respect to some random process. For this
we have first defined an integral with respect to a distribution function, but in general, the stochastic
processes we want to integrate against are not distribution functions. However, as we will see now, we
can make sense of some distribution function out of cadlag functions with finite variation, and hence

meaningfully define the integral against a cadlag function

Proposition 2.2.4 (Cadlag functions and distribution functions) If a function f is cadlag and of finite

variation then it can be written as
F=rt-r"
Where f! and f' are both distribution functions.

Proof. First suppose that f is cadlag and of finite variation, then, from the inequality obtained in
Theorem P22, we have that for 0 < s < ¢:

Vi(2) = Vi(s) = [f(2) = f(s)| =max{f(¢)— f(s), f(s)— ()}
That is to say, one the one hand:
Vi(2) = Vi(s) = f(t) = f(s)

showing that V;(z)— f(t) is increasing in £, and similarly, by choosing the other item in the max,
we have that V;(t)+ f(t) is increasing in t. Since Vy(t) is right continuous and f(t) is cadlag, it
follows that both V;(t)+ f(t) and V(&) — f(t) are right continuous. We may then define

(Vp(2) = f (1))

DN | =~

(Vi) +f(2)  fr=

DN | =~

f1=

We have just argued that fT and f* are increasing and right continuous, i.e: distribution functions,

and moreover f is clearly equal to their difference. Q@

We now show a Proposition which will make our integral against a cadlag function well-defined:
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Proposition 2.2.5 (Integral with respect to f1— f!) Let f be a cadlag function of finite variation
with decomposition f = fT— f'. Then if a function g : R, — R is locally V; integrable, then it is
both locally f1 and f' integrable.

Proof. This is just a one-line proof that follows after noting that V; = f1+ f*:

max [lglar™, [ lglor | < [lslor+ [Iglar' = [Iglav;

Now we can finally define the following:

Definition 2.2.6 (Integral with respect to cadlag function of finite variation) Let f be cadlag function

of finite variation, then we say that a function g is locally f integrable if it is locally V; integrable. In

fgdf=fgdﬂ—fgdfi
Jgdfl =fgdfT +fgo|fl = Jngf

We now need one last ingredient before we can finish this deterministic part of the theory and move to

this case, we write

and also

the random part

Theorem 2.2.7 Let f be a cadlag function of total variation, and g a locally f integrable function,
then we have that the function I(¢) defined as

1(r) = fotgdf

is itself cadlag of finite variation.

Proof. Since we can expand
t t
10| gar' - | gar
0 0

and both fT and f' are distribution functions, one readily verifies from Proposition T3 that I(7) is

cadlag. We now just need to show that it is of finite variation. We can now do the following cheeky

e 1(1) = (fg*dﬂ +L[gdf*) - (fgdﬂ +£g*dfl)
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since all g™ and g~ are positive, it is clear that I(¢) is a difference of distribution functions (Indeed
the things inside the parenthesis are both cadlag and non-decreasing by positivity of g™ and g7). Itis
now easy to check that if a function I(¢) can be written as a difference of two distribution functions

F(t)— E(t), then I(t) is of finite variation. This is because by the triangle inequality
Vi(t) < Vg (1) + Vg (1)

and since both F and F are non-decreasing, it will follow that Vj (¢) = F(t)— F(0) as all but two

of the terms in the sum that defines variation will telescope. V

2.3 Finite Variation Processes and Previsible Processes

We are ready to make sense of a sort of proto-stochastic integral. After all, a stochastic process is nothing
but a random function R™ — R, and we have seen that if we want to integrate against functions, the right
class of functions to integrate against are cadlag functions of finite variation. It is of no surprise then that
the stochastic processes we will use as integrators will have sample paths that satisfy these two properties.

From now on fix a background filtered probability space (0, Z,{Z,},, P).

Definition 2.3.1 (Finite variation process) A stochastic process (Z;) is called a finite variation process
if each trajectory is cadlag and of finite variation. That is to say, for all outcomes w in our sample

space 2, we have that the map ¢ — Z,(w) is cadlag and of finite variation.

For reasons that will become clear in due course, the right class of integrands to consider are previsible

processes.

Definition 2.3.2 (Previsible o-algebra, previsible process) The previsible o-algebra & is the o-
algebra generated by sets of the form
(s, 1] x A

For some value of s <t and Ae Z,. A process (H,), is called previsible if the map (¢, w) — H,(w)

is & -measurable.
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It is probably very unclear from this definition why this o-algebra should bear
the adjective "previsible", or why processes that are adapted to this o-algebra should also be called
previsible. The best way to understand this is by looking at the kind of processes that live in this
sigma-algebra. Let us illustrate this via an example. Let (h;) be an Z;-adapted process, and let

0<ty<t <--- be asequence of deterministic times. The claim is that the process
e 6}
Hy(@) = 3 e ()11 € (1 1))
k=0

is previsible. This should not be too hard to see, for (h;) being Z, adapted means that we can
express h, as a pointwise limit of indicator functions of ., -measurable events, and and so when
multiplying out we will write H,(w) as a pointwise limit of a weighted sum indicator functions of the
form 1(An (, tyy1] for Ae Z, . Each of these sets is in 2. Now that we have established that H,
is previsible, we see that actually the behavior of H, coincides with our intuition of what previsible
should mean, because say by looking at how the graph of H,(w) could look like, we see that the value

of H, can be determined by looking at times just slightly to the left of t.

htk(w)

e Tkgiliso Trss

Moreover, it is easy to convince yourself that any left-continuous function can be realised as a pointwise
limit of such things, and since measurability is preserved under pointwise limits, it follows that adapted
processes with left continuous sample paths are in fact previsible, and this agrees with our intuition,
because if the sample path is left continuous, then | can determine the value of the process at time ¢
by knowing what happens slightly just before! It turns out, although we will not prove this, that &

can be equivalently defined by the sigma algebra generated by all left-continuous adapted processes.
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Theorem 2.3.4 (Integral of previsible process against process of finite variation) Let Z be a finite
variation process and let H be a previsible process such that H (w) is locally integrable against Z(w)

for all . Then the process

x(@)- [ ' Hy(w)dz,(0) (27)

is a process of finite variation.

Of course, by the deterministic theory we developed earlier, we already know that
for a fixed w, X;(w) is cadlag and has finite variation, this was what Theorem P27 told us, the
only thing that is left for us to prove is that this process is actually adapted! And this is where the
previsibility of H will come into play. The proof relies on the Monotone Class Theorem, which we add
in a Measure-Theoretic Appendix

Proof. We will start by showing that if H is previsible and bounded, then the integral in (3.1) is
m.Z,. Then we will extend to the general case. As hinted in the remark, the key is the use of the

Monotone Class Theorem, for this we define the class of functions
t
S = {H:RJr x 2 — R bounded with f HSdZSemgz't}
0

The Monotone Class Theorem will allow us to concludet that actually b2 < 5, thus concluding the
first part of the proof. For this, we now tick the boxes of the Montone Class Theorem:

= The fact that # is a vector-space is obvious.

» Let A€ ¥, where ¢ is the generating m-system of &. then we can write A = (t,,t,] x B for
some B e Z,, then:

t LAt
J l(to,tl]xB dZs = lB dZs
0 tont
LAt LAt
— ) !
([ e[ e
tont oAt

1

?B(Vf(tl ANE)+Zine = Vi(fgnt) = Z(tg A E)
—Vitunt)+Z(AE)+Vi(tont)=Z(tg A 1))
= lB (Ztl/\t _Zt()/\t)

Now we observe that the resulting 15 (Ztlm —ZtOM) is mZ,, because Be Z, and (Z,), is
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(Z,),-adapted.

= Let (H"), be a sequence of bounded processes with H" € 5 for all n, such that they increase

to a bounded process H, let us show that H € . For this we very simply note that

J H,dZ = lim H”dZ

n—oo
Where we pulled the limit out because the sequence (H,) is uniformly bounded by H which is
itself a bounded process. Therefore we applied the DCT. Now finally, each of these integrals
on the right hand side are an #, measurable object by hypothesis on (H"). Therefore we see
that H € .

Thus we have ticket all the boxes of the Monotone Convergence Theorem and it follows that whenever
H is a bounded previsible process, we have that the integral in (3.1) is an &, measurable object.
Now we extend this to unbounded previsible processes H. The idea here is simply to define H" =

(H An)v (—n), this makes H” a bounded processes, and so for each n, we have that
t
f H'dZ,em?Z,.
0

Moreover, since |H'| < |H| for all s, and (H(w)) is (Z,(w)), integrable by hypothesis, we can

apply the Dominated Convergence Theorem, and we have that

JHdZ—hm HdZ

n—aoo

and since the integral of the right hand side is m.%,, and measurability is preserved by pointwise
limits, we are done. Q@

21
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Chapter 3
The Stochastic Integral

We have so far constructed a primitive proto-stochastic integral:

I(t):fOtHsts

where (Z,) is a process of finite variation and H; is a previsible process, and we saw that I(t) satisfies
some desirable properties, i.e: being itself a process of finite variation. As it will turn out, most Martingales
actually have infinite variation, so we will have a bit of a hard time defining the stochastic integral this
way. As we are going to see in the next chapter, the right integrators will be local continuous Martingales
M, and the right integrands will be previsible process K. In particular, we will see that if K and M satisfy

some particular compatibility conditions, the stochastic integral

t
f K. dM,
0

can be defined as itself a continuous local Martingale. In this chapter we will also see that every continuous
local Martingale M has associated to it an adapted continuous increasing process [ M|, called the quadratic
variation, which captures the "roughness accumulated through time" by the Martingale. It turns out that

the compatibility condition we will seek is that
t

J K’d[M]; <
0

and this integral can be interpreted using the Lebesgue-Stieltjes Theory we developed earlier. That's the
outline of the chapter, we will start by making sense of local Martingales, but we first need to make a

slight measurability detour.

3.1 The Usual Conditions

Local Martingales are all about stopping times, so let us talk about them for a bit.

23



24 CHAPTER 3. THE STOCHASTIC INTEGRAL

Definition 3.1.1 (Stopping times) A random variable T : Q — [0,0] is called a stopping time with
respect to the filtration {Z,}, if {T <t} e Z,.

i.e: informally, a random clock for which we can know if it has rung by time ¢ by looking at all the
information available to us at that time contained in the filtration. From a course in Probability we know
how insanely useful stopping times are to gain information about all kinds of characteristics of our stopping
process. The problem is however, is that when we deal with continuous time, unless we make some slight
readjustments to our sigma algebra, we lose a lot of stopping times. Let us see an example which the
reader may have seen already:

Let (X;), be a right continuous process and let A< R be an
open set. Define the random variable

T =inf{t >0: X, € A}

Look at the following diagram :

Then it is clear that T equals to the value pointed out in the diagram, because it is defined as an
infimum. However, since A is open, the process (X;) actually doesn't know it has hit A by that time!

But rather, (X;) is just standing right in front of it. Therefore T is in fact not a stopping time!

What could be an easy fix to make sure that in this example T is in fact a stopping time? Well we have
two options, one - forcing A to be closed - which might seem like cheating because we are going to rid
ourselves to plenty of scenarios where we could need an open set! The other solution, which will surely
not leave the reader unfazed, is actually to allow the process to look just very slightly into the future!

Now | bet this feels like cheating, but as it turns out, we will be able to prove that if X is a Martingale
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with respect to some filtration {Z}, then it will also still be a Martingale with respect to our "cheater's"
sigma-algebra, thus in fact, we will not have broken the rules! Let us formalise this notion of the "cheater’s

sigma algebra".

Definition 3.1.3 (Usual conditions) A filtration (%;); satisfies the usual conditions if:

= Z, contains all P—null sets. That is to say:

{Ac F : P[A] =0} 7.

= |t is right continuous:
Ty = ﬂ‘gt-i-e-

>0

Of course notice that the part that incorporates our cheater's behavior is the inclusion

F: 2 ﬂ Ftier
>0
as the reverse inclusion is trivially satisfied by definition of a filtration. Once again, this means that if
an event depends on what happens just immediately after time £, then this event can also be decided
with the information available up to time ¢. For a very neat and simple example of a filtration that

is not right-continuous consult ??Example 3.17]ap-notes.

We now see the Theorem that formalises the intuition we had, namely that if we actually had allowed our
process in example B2 to look slightly into the future, we could have in fact decided whether T had

occurred.

Theorem 3.1.5 (Stopping times in usual conditions) Let {&;} be a filtration the satisfies the usual
conditions. Then a random time T is a stopping time if and only if {T <t} e %, for all £t > 0.

Proof. The sufficient condition is trivial, just note that:

{T<t}=ﬂ{T<t—%}.

n=0
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Therefore it readily follows that
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In fact the necessary condition is also quite easy, just let € > 0, then it is clear that

1

n=l/e
A

~r -

eﬁt+%§ﬁ,+e

{T< t}eﬂgt%:gz

>0

where this last step holds by assumption of right-continuity. @

Note that this proof only really required right-continuity.

Let us now do a thorough job and show that this modification to our sigma-algebra actually does fix the

problem we had in Example BTT2.

Theorem 3.1.7 (Hitting times of open

continuous process taking values in R?

sets in usual conditions are stopping times) Let X be a right-

adapted to a filtration that satisfies the usual conditions. It

follows that for an open set A< R, we have that

T =inf{t >0:X, €A}

is in fact a stopping time.

{T <t}

To justify (3.3) we note the following:

Proof. In light of Theorem BTH, it suffices to show that {T < ¢t} € %, for all t > 0. This follows

after the following two steps, the last of which we will justify in a moment:

= {X,; € A for some s€0,1)} (3.1)

- | x,e4 (3.2)

qel0,£)nQ

If X, e A for some 0 <s < t, since A is open, there is some

0 > 0 small enough so that B(X,0) < A. Moreover, by left continuity of our process, we can find
some 0 < €, < t — s small enough such that for any € < ¢, one has that |X;,,— X;| < &. In
particular, for all rationals g € s,s + €;) N Q, we have that X, € A. In conclusion, if X € A for some
s, then we can find some rational g for which X, € A. Now the claim follows because looking at (3.3)
we see that since g < f, then {X, € A}e Z, < Z,. Y%

Right, recall that we are trying to move towards an integration theory in which our integrators can be

Martingales. Our motivation for this detour on usual conditions stems from the fact that we want to have
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a good amount of stopping times, but notice how in the proof of Theorem BI7 we also required X to
be right-continuous. As the reader may already know from a course in probability, it turns out this is not
a stringent prerequisite at all, due to the fact that if we have usual conditions, we can "regularise" our

Martingale and make it right-continuous. Actually something better holds:

Theorem 3.1.8 (Martingale Regularisation Theorem) Let X be a Martingale with respect to a fil-
tration {Z,} which satisfies the usual conditions. Then X has a cadlag modification. That is to say:

there exists a cadlag process X* with the property that for any ¢ >0,
P[X, =X]=1.

Now we are in much better shape. But there may be one more thing that is bugging the reader: we still
haven't explained why it is in fact justified to perform the "cheap trick" of letting the process look slightly
into the future. Does this alter the properties of our process, or how it talks to our new filtration?

Theorem 3.1.9 (Martingales and usual conditions) Let X be a cadlag Martingale with respect to a
filtration {Z,}, then X is also a Martingale with respect to the filtration

F'=0 (ﬂ Fipe V{P —null sets}) .

>0

i.e: its still a Martingale if we enhance our filtration just enough to satisfy usual conditions.

Proof. We need to show that for any set Ae F¥ where 0<s <t, we have that
E [(Xt - Xs) ]-A] =0.

It turns out that if ¢ is a o-algebra and .4 denotes the collection of P-null sets, then the collection
of sets of the foom AU M for A€ ¢ and M € ./ is also a g-algebra. However, .7 is the smallest
sigma-algebra that contains from 7" and .4, so in particular it is a subset of the sigma algebra of
unions described above, so that A= Bu C for some set Be.Z," and Ce 4. Since 1,=13,¢ but C
is of measure zero, then 1, =15 almost surely. Thus we have reduced our task to the case in which
Ae Z*. Naturally, since Ae Z*, we also have that for any € >0, Ae Z,,. So by the Martingale
property of X, we have that
E[(X, — Xs1e) 1] =0.

However, note that (X ¢)cefo,r—s] is Ul, because for any such €, we have that X, . . = E[X, | Z,..],
and so it follows by the Ul property of conditional expectation. With this out of the way, we apply
Vitali's Theorem: since X is cadlag then X;,. — X5 as € | 0, and since almost sure convergence

implies convergence in probability and the family (X, )cefo,r—s is Ul, we have that X, . — X; in
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%1, which means that we can pass in the limit € | 0 into the integral and we conclude that

E[(X, — X,)1A] =0.

3.2 Local Martingales

From now on we assume that all Martingales are cadlag and all filtrations satisfy the usual conditions.

Definition 3.2.1 (Local Martingale) A local Martingale is a cadlag adapted process X such that
there exists an increasing sequence of stopping times (T,,) with T, 1 o0 with the property that the

stopped process X » — X, is a Martingale, which as a reminder of notation, means:

(Xt/\ 1 XO) =0

The sequence of stopping times (T},) is referred to as a localising sequence, and we also say that (T,,)
reduces X to a Martingale. We will always work with continuous local Martingales unless otherwise

specified and we denote by ./#|.. the set of continuous local Martingales.

Note that in general the requirement of being local is not the same as that of there
being a sequence of stopping times (T;,) for which X is itself a Martingale. For the two requirements
to coincide, we would additionally need to impose that E[X, | ] = X,, which can be achieved for
example, if X, is a constant, or in more generality, if Z, is a trivial o-algebra, which doesn't seem

that far of a reach since at time 0 we don’t have any information.

In light of this remark, we make the assumption from now on that all filtrations we consider have %, to

be trivial, thus simplifying our requirement for a local Martingale.

If X, is also measurable with respect to the "parent" sigma algebra .7, then we will

also get the same result because E[X, | Z,]| = X,.

Proposition 3.2.4 Let X be a continuous local Martingale and set (T,,) to be the following sequence
of stopping times:
T, =inf{t >0:|X,| > n}.

Then (T;,) also localises X.
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The moral of this proposition is that when we are dealing with local Martingales we can always take this

familiar sequence of stopping times as our localising sequence.

Proof. Start by fixing a localising sequence (U,). By virtue of X being continuous, we have that

| X;az,| <nforall £t >0, neN, and so we can emply the DCT in the following way:

E[X,,5,| #.] = E | lim X, 5.y,

)

(
:I!i—l;IOlOE[Xt/\T”/\Uk‘gs] (
:I}i—l;rOIOXSATnAUk (

(

= ASAT,

In step (3.4) we just used the fact that (U) by assumption has that U, 1 o0. In step (3.5) we used the
observation we did earlier regarding DCT. In step (3.6) we used the fact that Uy turns M, = (X, ,y,)
into a Martingale, and in line (3.5) we effectively have M, , and since a stopped Martingale is still

a Martingale, then we get the desired result in (3.6). @

Naturally, all Martingales local Martingales,
say by choosing the sequence of stopping times T,, = n. However, the converse is not true, and it is
not immediately obvious from the definition which counterexamples we can use. Here is a way we can

approach to construct one. First consider the so-called Geometric Brownian Motion:

t
M, =exp <Wt—§>

Where W is Standard Brownian Motion. Then M is a Martingale with respect to the natural filtration

generated by the Brownian Motion, indeed:

E[exp(l/l@—%)'éz}]=E[exp(Wt—Ws+Ws—é—%+%)‘9}} (3.7)
=exp(ws§)E[Wtht;s] (38)
= exp (Ws — %) (3.9)

Where in step (3.9) we used the fact that W, is Z;-measurable, as well as the Markov Property. In
step (3.10), we used the form of the Moment Generating Function of the Normal Distribution. As a

fun fact, note that this Martingale is not Uniformly Integrable: That is because M, converges to 0
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almost surely:

1

w t
M, = exp —=3 —0 (3.10)

Where in the limit we used the Law of Large Numbers for Brownian Motion. However,
r
E|M,—0|=Eexp (Wt—§> ~1

which certainly does not go to zero, and so we have almost sure convergence yet no £! convergence.

Regardless, let us now construct an example of a non-Martingale that is a local Martingale.

3.3 Class D and Class DL

Recall that we said that a process X was Ul if the family of random variables {X,: € R, } was Ul. Even
if X was Ul, it does not follow that the family of random variables consisting of X sampled at random

times is Ul. We make this into a definition now:

Definition 3.3.1 (Doob Class) A cadlag process X is said to be in the Doob Class, or just Class D
if the family of random variables {X; : T is a finite stopping time} is Ul

Definition 3.3.2 (Locally in Doob Class) A cadlag process X is said to be locally in Doob ClLass, or

just Class DL if for all £ >0, the family of random variables
{Xr..: T is a stopping time} = {X;,,: T is a bounded stopping time}

is Uniformly Integrable.

A random variable T is finite if for all w € Q,
T(w) <oo. This is a weaker condition than T being bounded, which means that there exists some
M > 0 such that for all we, T(w) <M.

Now we have a Theorem that characterises when a Local Martingale is a Martingale.

Proposition 3.3.4 (Local Martingales, Martingales and Class DL) A local Martingale is a (true)
Martingale if and only if it belongs to class DL.
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Proof. Start by assuming that a local Martingale X is a Martingale, let us show that X is in class
DL. Let T be a bounded stopping time, then by the Optional Stopping Theorem, we have that

E[Xt | 9T] =Xinr-
From which we conclude that under our assumption,
{Xr,,: T is a bounded stopping time} = {E[X, | Z1]|: T is a bounded stopping time}.

The proof now follows by the Ul property of Conditional Expectation. Conversely, suppose that
X is a local Martingale that belongs to class DL, let us show that X is a Martingale. Start by
choosing a sequence of increasing stopping times (T;,) for which X’ is a Martingale. We have the
following observations: (OBS 1) By our choice of (T;,) we trivially have that for any fixed ¢ >0,
X, =lim,,_,, X, 7, almost surely. In particular, since we are assuming X is in class DL, we also have
that the family {X,,7 :ne N} is Ul, and so by Vitali's Theorem our convergence gets upgraded to
convergence in ¢! (OBS 2). Putting all this together:

E[X,| 7] =E Din;oxmn 9] (3.11)
= lim E[X,,7,[7,] (3.12)
— lim X, 1, (3.13)
n—o
— X, (3.14)

Where in step (3.12) we have used (OBS 1), in step (3.13) we have used (OBS 2) (technically,
something deeper is going on here, because the usual trick of pulling limits in and out from expectations
only works, well for expectations, but it turns out that this can also be upgraded to work with
conditional expectations). In step (3.14) we have used the fact that X is a local Martingale and (T;,)
is a localising sequence, and finally in step (3.15) we have used (OBS 1). VY

We have one more result, which follows immediately from the OST for Ul cadlag Martingales.

Proposition 3.3.5 A uniformly integrable (cadlag) Martingale is in class D.

Proof. This is essentially an immediate application of the OST for Ul cadlag Martingales, but | will
reprove it for clarity. We know that since X is Ul, then X, = E[X,, | Z,]. Now we will prove the
OST for discrete stopping times. If T is a discrete stopping time, then it is clear enough (say by the
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DCT), that if Be Z,

E[Xr1p]= Z E[131;_,X,]= Z E[131;_, Xy ] = E[15X,]

neNu{oo} neNu{oo}
Where we used in the second equality that E[X,, | #,] = X,, and the fact that by definition of a
stopped sigma algebra, BN {T = n} € Z%,. Now that we have the OST for discrete time, namely

that E[X,, | Zr| = Xy, we can generalise this to any (potentially continuous time) stopping time T,
simply take a discretisation T, | T, and observe that whenever Ae %, then

An{Ti<n}cAn{T<n}eZ,
and so A is in Z7,, therefore,
E[X,1,]= E[XTk 1,]

from the discrete OST, but also, since X7, = E[X,, | Z7.], by the Ul property of conditional expecta-
tion, we have that (X7, ) is Ul, and so it converges in £ and we can pass a limit inside the expecation
so that

E[1,X.] = E[]}E?OXT,C 1,]

But now we use the fact that T, | T and X is cadlag to finish the claim. V

Alternative Proof which | don't like. An alternative proof is the following. Since T A n is a bounded

stopping time, we have that using X is Ul: E[X,, | Z7,,] = X7 ,n- Therefore we have that
Xp = lim E[X,, | Fron] = Yoo
n—aoo

If we can show that this right hand side equals E[X,, | Z;]| we will be done. Let A€ %, then we
can express A=1im,_,,, An{T < n} pointwise, and one can see that 1, (r<,; — 1, in £", so that
YV, 1,=1im, o X7.nLanir<ny in £'. Moreover, An{T A n} can be seen to be in Z;,,, and so

we have that
E[Yoo ]-A] = ,}L{%E[XTM lAn{Tgn}] = ,}i_I}[}OE[Xoo lAn{Tgn}] = E[Xoo 1A]

Where the second inequality comes from the fact that An{T < n}e Z;,, and Xy, , = E[X, | Z1 .|
Q
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3.4 Square Integrable Martingales

Definition 3.4.1 (Square Integrable Martingales) We define .#, to be the space of square integrable
Martingales:

My = {M a continuous Martingale with supEXf < oo}
t

Naturally, by the Martingale Convergence Theorem,
whenever M € _#,, we have that M, — M_, almost surely and in £?. Moreover, note that if M is a

Martingale, then M? is a sub-Martingale, indeed: if ¢t > s, then

E[Mt2|gs]:E[(Mt_Ms+Ms>2|gs]
>2E[M5(Mt*Ms)|98]+E[M52|gs]
= M2

Therefore taking expectations of both sides, we get that E[M?] > E[M?], meaning that the map
t — EM? is non-decreasing, and as such sup, EM? = EM? .

Recall Doob’'s Maximal Inequality (for p = 2): if X is
a cadlag process, then [sup, X[, < 2|X,|. In terms of our situation, since M is assumed to be

continuous, then of course its cadlag and so

E {sup Xf] <4E[X2].

)
We now have the following result:

Theorem 3.4.4 (_/, is a complete vector space) The vector space .#, is complete with respect to

the norm
2 2
HX||%‘2 =EX’

which we know is finite by assumption of X € .#, and the remark of the value of the supremum.

Proof. We take a Cauchy sequence (X,,) in A, i.e:
E[(X2— XJ')*] 0

as m,n — oo, and show that it has a convergent subsequence. Meaning that there is some subsequence
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(ny) along which we have convergence to a continuous .#, Martingale. We begin by constructing

the limit. By a standard trick in analysis, we can take a subsequence (n;) for which
2 —k
E[(X) — X <2

Now notice that obviously we can write

X”k Xnk +anl _an 1

i=1

So we need to show that this sum almost surely converges for all ¢ as k — co. For this, note that

=0

0
[Zsup|X”l— X/ ‘\] —ZEsup\X”"—Xt""‘ﬂ (3.15)
i=1 120

\/Esup|X X, (3.16)

=0

<22\/E\ng' Xt (3.17)
i=1

Where (3.16) comes from the MCT, (3.17) comes from Jensen's Inequality, and (3.18) comes from
Doob’s Maximal Inequality. From this and our construction of the subsequence (7;) it follows that
the sum in (3.18) is summable, and so the original expression in (3.16) is finite. If the expectation of

a random variable is finite, it must mean that it is almost surely finite, i.e:

Zsup|X”l —X""'<o as

i=1 20
This implies that X* = lim,._,, X,™ exists. Now we prove that X* is a continuous process. Note that

e}

sup|X* — X[ < 2 sup | X" — X" -0

£20 i=k+1
as k — oo almost surely. Therefore we have that X" converges uniformly almost surely to X*, and
since each X" is continuous, (and the uniform limit of continuous functions is continuous) it follows
that X* is also continuous almost surely. Now it is left to show that X* is 2 bounded and that it is a
Martingale, both of this results are proven in a similar way. The important thing to note is that since
(X2), is an £?% bounded family, and so it converges in £? and so (say by Jensen's Inequality) it
also converges in ', from this we have that E(X)* = E[lim_,,(X7*)?*] = lim;_,,, E[(X/*)*] <0

where the last inequality comes from %2 boundedness. Therefore X* has indeed finite norm, and
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finally we just need to show that it is a Martingale. Once again, this is a similar argument:

E[X;|gt] = ICIE?OE[XO? | 7]

= lim X ™
k—0o0

~ X,

Where the first inequality we used the £! convergence discussed before, and in the second inequality
we used the fact that X" is a Martingale. Therefore by the Tower Law it now follows that X* is
indeed a Martingale. @

3.5 Quadratic Variation

In this section we are going to show that every local Martingale has associated to it a continuous adapted

and increasing process, which captures the "accumulated roughness" of the process.

Proposition 3.5.1 Let M be a Martingale, and let K be a bounded .#, measurable random variable,
then
Xt = K(Mt _Mt/\to)

is a Martingale.

Proof. Let T be a bounded stopping time. We will use the converse of the Optional Stopping

Theorem:
E[Xr]=E[K (M —Mr,,)] (3.18)
~ E[KE[M; — My, | 7,]] (3.19)
=0. (3.20)

Thus satisfying the hypothesis of the Converse of the OST, and so X is a Martingale. Here (3.19)
followed by the Tower Law, and (3.20) followed by the OST and the fact that M is a Martingale. ©

We will want to talk about convergence of stochastic processes as a whole, and for this we need a new

notion of convergence.

Definition 3.5.2 (UCP convergence) A sequence of processes Z" converges Uniformly on Compacts
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in Probability (UCP) to a process Z if for all £ >0 and all € > 0:

P[sup Z! - Z] >6] — 0.

se[0,t]

Theorem 3.5.3 (Quadratic variation exists) Let X be a continuous local Martingale. Let

Then the process [X](tn) converges UCP to a continuous, adapted, and non-decreasing process [X];,

which we call the Quadratic Variation of X.

Proof. Without loss of generality we assume that X, = 0. We distinguish two cases: when the process
is uniformly bounded, meaning that there is some C > 0 for which |X;(w)| < C for all (t,w) € R, x.
Since a uniformly bounded local Martingale is certainly in class DL, then it is a true Martingale, and
moreover it is in .#,. (A simple DCT argument also shows that uniformly bounded local Martingales
are true Martingales). Therefore the limit X, exists almost surely and in £? (and in £"). First of
all notice the following observation that will make our lives easier: since X; — X, almost surely, we
have that
[X]E" = (X1 ) = (Xe = Xamajzne))* =0

2-n|2nt]

as t — 0. Therefore we can unambiguously write

and so

Em'nggp’ﬁx - )1 (3.21)

= Jim E[X},] (3:22)
=E[X2]<C? (3.23)

Where (3.22) is due to the MCT, (3.23) is due to the Pythagorean Theorem, and (3.24) is due to X

being in .4, in order to put the limit in. Finally the inequality comes from the assumption of uniform
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boundedness. Therefore [X]E;? is finite almost surely. Then we define

We can expand M" into a series. Indeed, note that by telescoping we can write

2
X EXI/\tk _Xt/\l'k )

(indeed, there will be some k' for which ¢’ <t <t |, and so the sum will only run until k = k' +1.

k417
The last term will be X? — X, and all the terms before that will die). Therefore combining with the

definition of [ X" gives:

2 2
X? — X 2X X X
Z At t/\tk L l’/\t,?+ NS I T

[Atk 1
k 1
[0}
n n—X n
E t/\t 1( t/\tk t/\tk 1)

We have established that X is a Martingale, so each of this summands is the product of a 35},?71—

measurable bounded random variable times (thkn _XM'»‘;?M;?_1>' From Proposition B2 it follows
that each of the summands is a Martingale. This sum contains only finitely many terms so it is clear
that (M), is a Martingale. The idea is now to show that M" is in .#,, and then moreover show
that the sequence is Cauchy. From the limit we will be able to extract the quadratic variation [X].

To show that M" € _#, we compute its .#, norm and show it is finite.

2
"
E(M")?<EC? (Z X —thl> (3.24)
k=1

o0
=C*E) (X —X;p ) (3.25)

k=1
= C’E[X]", (3.26)
<c* (3.27)

Where (3.25) follows from |X; ,,» |< C and so we pull it out of the sum, step (3.26) follows from the
Pythagorean Theorem, step (3.27) follows from the definition of [X]” and step (3.28) follows from

the calculation we did in steps (3.22)-(3.24). We have now established that for each n, M" € .,
and now we proceed to show it is a Cauchy sequence. Since the 7' are dyadic numbers, one can get

37
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the following formula (don't worry too much about where it comes from), if n > m, then
o8]
My =M = (X = Xpja-oomppm) (Xjinz-n = Xjoon)

j=1

by the Pythagorean Theorem once again, we have that

o0
n m 2 2

E|Moo - Moo |2 = Z E (ijfn - le27(n7m)J2—m) (X(j+1)2*” - ij—n) (328)

j=1
<E sup (X;—X,)’[X]" (3.29)

[t—s|<2-m
1/2
< <E sup (X, —Xt)4> (E([X]go)z)”2 (3.30)
[t—s|<2—m

Where step (3.29) comes from the Pythagorean Theorem, step (3.30) comes from a simple bound
and the definition of [X]”, and step (3.31) is just the Cauchy-Schwarz inequality. We are going to
show that the first term in the final product goes to zero and that the second term is bounded. Since
for all w, X,(w) — X, (w) and X (w) is continuous, we have that X (w) is uniformly continuous for
all w. Therefore, as m — o0, the first term vanishes because the supremum is bounded by 16C*
and thus we can use the DCT. Now we show that the second term in the product is bounded. By

definition of M?” we can write

E([X]")*=E(X2—2M")?
4 2
<2EX} +8E(M))
<1o0c*

Where in the middle we used that (a — b)* < 2(a?+ b?) (this just follows from (a + b)* = 0). Thus

we have shown that (M "), is Cauchy, so it has a limit M* € .#,. Now we define
[X]=X*-2M*

It is clear that [X] is continuous and adapted, since the right hand side is. Now we need to show
the two other requirements, namely that it is non-decreasing and the convergence. We will start by

showing a convergence statement. By using the definition and Doob’s maximal inequality:

Esup ([X]! - [X]t)2 —4E sup (M, — M*)Z

t
=0 =0

<16E(M! — M)

0

This last quantity goes to zero because that's what convergence in .#, means. It follows that
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sup,-, ([X]" —[X],) — 0 in £2, we can refer to this as [X]" — [X] uniformly in .Z2. It is clear that
this implies UCP because .£? implies convergence in probability. Now we show that [X] is almost
surely non-decreasing. For this, we note that convergence in £? allows us to extract a subsequence
(ni) along which [X]" converges pointwise almost surely. It is also clear that the proto-variations
[X]" are non-decreasing, because if s < t, then [X]” includes more non-negative terms in the sum
than [X];’ does. Therefore, we can say that almost surely,

[X]). = Jim [X]2* < lim [X]7* = [X],.
So we are done for the case where X is uniformly bounded. Now we need to relax our assumption
to unbounded X. The price to pay will simply be that convergence will have to be relaxed to UCP.
This is where we will use that X is a local Martingale, we will localise it with a stopping time that
will make it bounded. For each N > 1, let

Ty =inf{t >0:|X,| > N}.

Then it is clear that by continuity of X and by the local Martingale property and the fact that this
stopping times are always a localising sequence, XV is a bounded Martingale. Hence the process

[X™] is well-defined by the above construction and satisfies the desired properties. It is clear that

X2 — XN
=20 t>1Ty
Therefore by taking n — oo we have that

(X ], = [X ],
=20 t>1Ty

which means that we can define [X], = limy[X™],. (This limit could be oo, but it exists due
to monotonicity). This function is increasing and adapted as it is the supremum of increasing and
adapted functions. Moreover, to show continuity, we note that for each fixed N, on the event that
{t < Ty}, we have that

[x], = [X],

which means that [X] is continuous on the event {t < Ty}, however, since Ty 1 o0 as N — 0, we

conclude that [X] is continuous almost surely. Finally we need to show convergence in UCP. This
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follows from the following, let € >0 and ¢ > 0 and fix an N > 0, then

P| sup |[X],—[X]" > e] <P H sup |[X], — [X]" > e} n{t< TN}] +P[Ty <t

0<s<t 0<s<t

0<s<t

=P H sup |[X™]; —[X™]" > e} n{r< TN}] + P[Ty < t]

The first term goes to zero as n — oo because XV is a bounded Martingale so we use the previous

result, and the second term can be made arbitrarily small by picking a large enough N. Y%

We have now shown the existence of this process that captures the accumulated roughness or volatility of
the process. We can now attempt to give a more abstract characterisation, which perhaps is more useful

in computation, and give an example of the quadratic variation of Brownian Motion

Proposition 3.5.4 (Finite Variation implies zero quadratic variation) Let X € #,.. be a local Mar-

tingale of finite variation. Then [X]=0.

Proof. For a fixed t, we naturally we have that [X]? — [X], in probability (this is because of

UCP), therefore we can find a subsequence (n;) along which the convergence is almost sure. l.e:

[X]7* — [X]; a.s. However, we can also bound [X];* as follows:

L 2
nk_2< it anfl) < sup X, X|Z(Xm — X,

|[r—s|<2™"k

The first term of this product goes to zero due to uniform continuity of X (once again we are using
the observation that if a function f is continuous on [0,00) and it converges to a finite limit L, then
it is actually uniformly continuous on [0,00), this is because after some large enough M, the function
has that |f(x) — f(y)| <€ for all x,y > M, and on the interval [0, M| the function is uniformly
continuous by Cantor's Theorem). The second term of this product is just the first variation which is
assumed to be bounded. Therefore it follows that [X], =0 for all . @

Now we show that local continuous Martingales with zero quadratic variation are constant.

Proposition 3.5.5 (Local Martingales with zero quadratic variation are constant) Let X € .4, with
[X]=0. Then X, = X, for all  >0.

Proof. We recall from the Proof of Theorem B53 (Existence of Quadratic Variation) that if X € /.

is uniformly bounded, then the sequence of processes

M, =5 (X"~ [X]")
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was shown to be in .#,, and moreover the sequence was shown to be Cauchy, which meant by
completeness of .#,, that there is some limit X? —[X] € .#,. On the general case, we saw that we
can just reduce X to a bounded Martingale with the stopping times Ty = inf{t > 0:|X,| > n}, and
so we have that by the previous explanation, that (X? — [X])™ = (X™)? — [X™¥] € .#4,. This means
that in the general case, X* — [X] € .#,.. Now back to our proposition, since X € #,., then as we
have just said, X% —[X] € .4, but since [X] = 0 by assumption, it follows that X? € .#,... Let (Ty)
(defined as usual) reduce both X and X? to bounded Martingales, then

E (X, p, —X) = X2 —2X,EX, 7, + EX?

[/\TN

2 2 2
= X2-2X2+X2=0

Therefore X, 7, = X, almost surely, and by taking N — oo we get the claim. V

With this we

Theorem 3.5.6 (Characterisation of Quadratic Variation) Let X € .4, and A an adapted continuous
process of finite variation with Ay =0. If X?> — A€ ., then A= [X].

Proof. First of all note that the process A—[X] is of finite variation. This is because A has finite vari-
ation by assumption, and [X] is an increasing function, and increasing functions have finite variation.

Then We have that one can write this process as
(X*—[X]) — (X* - 4)

The first term is a local Martingale by the arguments made at the start of the Proof of Proposition
BRH, and X2 — A is a local Martingale by hypothesis. Therefore their difference is also a local
Martingale. We have thus shown that A— [X] is a local Martingale with finite variation, hence zero
quadratic variation by Proposition B54, and therefore A—[X] is constant, but by assumption and
definition of quadratic variation, Ay —[X], =0, showing that A = [X]. @

Armed with this we have the following:

Let B be Standard Brownian Motion, then
by standard arguments, we know that the process (B? —t),-, is a Martingale, in particular a local
Martingale, and since (), is obviously a continuous adapted process of finite variation that starts

at zero, we have that [B], =t.

This is quite nice. This example quantifies that Brownian Motion accumulates randomness at a unit rate.
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3.6 The Stochastic Integral

We now build the real stochastic integral. Recall we work on a filtered probability space (Q, Z,{Z,;};, P).

Definition 3.6.1 (Simple Previsible Process) A process H of the form

Z 1(te_y, 1]

for a sequence of times 0 < f, <--- <, where H, eb%,  is said to be a simple previsible process.

We write & for the set of all simple previsible process.

One can hopefully see the analogy between what's happening here and the construction of the Lebesgue
integral, we first define the integral for an "elementary" class of processes that have a "natural" definition of

the integral, and then extend by using some non-trivial techniques to some wider class of processes.

Definition 3.6.2 (Stochastic integral of simple previsible processes) Let X € .#,. and H € &, then

J HdX Z [/\[k lf/\[kfl)

we define

Here's a very nice way to make sense of this. Think of a stock
trader. The stock trader holds different amounts of stock over time. Here, the stock held by the
trader at time ¢ is given by the process (H,),. The fact that H is previsible ensures that one can
determine how much stock to hold by knowing only what's happened slightly before time t. The price
of the asset we are trading evolves according to the local Martingale (X, ),. Then our integral (H-X),
measures our P&L at time . In the simple previsible process case it is quite easy to see where this
comes from. Between times #;_; and f; we hold H, units of stock. Then on that time interval, our
net gain will be simply H, (X, — X —t;_;).

Observe in the definition of the stochastic
integral of a simple previsible process that we have a sum that contains only finitely-many terms, and

each of this terms, of the shape

Htk (thk - thk,l) = Htk (thk - X(mtk)mk,l)
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H is bounded by assumption, so by Proposition B51 this thing is a local Martingale.

The stochastic integral of a simple process is a local Martingale, so it has a quadratic variation, let us give
an expression for it:

Proposition 3.6.5 (Quadratic Variation of integral and integral of quadratic variation) Let H and X

be as above, then
UHdX] =JH2d[X]

Where the right hand integral is understood as a Lebesgue-Stieltjes integral (indeed, | X | is a contin-

uous increasing process, so it has a unique measure associated to it)

Proof. First of all we note that if

then since the intervals are disjoint,

which means that

| ratx) = 312 [1(te s tddlx) = 312 (XD~ XD )

The idea is going to be to use Theorem B58 and so we need to show that

0 2 o)
(Z Htk (Xt/\tk _Xt/\tk_l)> - Z Hti ([X]t/\tk - [X]t/\tk_l) E.//[bc
k=1 k=1

Since X is a local Martingale, we can reduce X to a bounded Martingale by stopping it with the
"usual" stopping times Ty. For convenience, we will just write X instead of X™. Then we have the

following claim:
(X = X )" — ([X]" — [X]")

is a Martingale. Let T be a bounded stopping time, we will verify that

2
| (xp - xi)" = (g - ) o (331)
But the key is that if we expand the square on the left,

ZE[XT/\IICXT/\[]C,I] = 2E [XT/\I]C,IE[XT/\[]C ’ gl‘kfl]]
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But X is a Martingale, so this equals 2E[X?2  ]. Therefore putting it all together, equation (3.31)

T Aty
becomes

E [(X%Mk — [X]ka) - <X§Atk,1 - [X]T”k*)]

And each of these things in brackets are a Martingale by the Characterisation of quadratic variation,

so we get that the whole thing is equal to zero. Recall that our original goal is to show that

o0 2 0¢]
(Z Htk (XtAl’k_Xl’Atk_l)> _ZHti ([X]tAtk_[X]tAtk_l)ef/ﬂloc (3-32)
k=1 k=1

And so since we have already assumed X has been localised, we just need to pick a bounded stopping
time T and show that the expected value of the expression in (3.32) stopped at T is equal to zero.
Notice then that

[ee} 2 Q0
E (Z H, (Xr ., —XTM,H)> =E (Z H? (Xppg, —XTW)Z) (3.33)
k=1

k=1

=1

=E ( HE ([X]7as, — [X]ka_l)> (3.34)

and so we are done. The justification for this last step is similar to that of a proof that we have seen
before, and it relies on the fact that H is previsible. Indeed: Let T be a bounded stopping time, then

|z ( (i —xi) = (1 - 1))

~ 5| | (i) = (fm - x0)

and the thing inside the conditional expectation is zero by the Optional Stopping Theorem. Q

Corollary 3.6.6 (It6's Isometry) If He G and X € #,, then

([ ax) ([ e

Recall that one of the main ideas we have been using so far is that if X is a bounded Martingale, then

X% —[X] € .#,, but in order to prove Itd's isometry we are going to need something stronger:

Proposition 3.6.7 If X € #,, then X —[X] is a Ul Martingale. In particular,

EX? =X+ E|[X],
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Proof of (In particular). Let (Ty) be a sequence of stopping times that reduce X to a bounded
Martingale. Then X2 —[X] is a Martingale, and so

E[X] | = X; + E[X]y,

Now since X € .#,, we have that X, — X, almost surely and in £ by the MGCT, so EX%N —EXZ.
Now the term E[X|; — E[X],, by the MCT. v

[to6's isometry can be proven for general previsible processes using the machinery we

will describe in a second:

This proves It6's isometry because by an argument similar to that of Remark B84, we have that if X € .4,
and H € &, then { HdX € .#,. With these technical tools we are ready to extend our class of integrands
to all previsible process. For this we will use the Hilbert space Machinery we developed for .#,, as well as

the following measure-theoretic fact:

Lemma 3.6.9 (Approximation Lemma) Let u be a finite on a measurable space (E, &), and let .of

be a m-system that generates &. Then the set of simple functions

Zai]-(Ai)
i=1
for a;€ R and and A; € ./ are dense in £7(E,&,u) for all p > 1.

Let us give some technicalities to set up this Lemma in our case. Clearly, we are trying to approximate
previsible processes, which can simply be though of as a map (s, w) — H(w) that is 2 /% (R) measurable.
Look at Itd's isometry. Why do you think it is called an isometry? Could it be that we could interpret

Q0
EJ Y2d[X],
0

as a norm? Well for a given X € _#,, we can construct a measure uy on the sigma field &, given by

U, (dx, dw) = [X](dt, w) P[dw], or perhaps more clearly, if we define it on the generating sets as

ux (s, t] x A=E[1,([X], — [X]]

Here of course [X|(dt,w) means the measure that we get from [X] for free, since this is a continuous
increasing function. Therefore, we can construct the following space .£2([0,0) x Q, 2, uy), in which a

previsible process Y has norm

0
I sy~ B | 321,
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Of course, by the Lemma, we have that one can approximate any Y € £2([0,00) x 2,2, ux) by simple

previsible processes, and Itd's isometry becomes, for a simple previsible process H,

|H

o]
Ao

Finally, we are ready to construct the It6 integral for general previsible processes. We will take a slightly

non-standard approach and instead of giving theorems and proofs, we explain it like if it were a recipe.

1. Let Y € £?(X) be a previsible process with inherent the integrability condition of being in .£?(X).
By the approximation Lemma, there is a sequence (Y,,), of simple processes in £%(X) with ¥, - Y
in Z%(X).

2. Since we have convergence, it must be that (Y"), is also Cauchy in £?(X). This means that as

fra fr

Where the key step, the middle equality is It6’s isometry. Showing that the sequence (S y” dX)n is
Cauchy in ,.

m,n — oo,

M

3. Since .#, is complete, we have that there is some limiting Martingale M € ./, for which
J Y'dX - M

in %2.

4. We define
J YdX =M

This has proven existence of the Stochastic integral. Of course, there is a big gap in what we have done
just now, we haven't shown that this is well defined, what if we obtained a different sequence ¥, — Y in
£?%(X), could it be that we obtain a different end-result? No.

Proposition 3.6.10 The stochastic integral is well-defined.

Proof. Let (Y,) and (Y,) be two sequences of simple previsible process that converge to Y. We
will show that the ./, Martingales M and M that correspond to (V) and (Y,) as per the above
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construction are the same. This is a straightforward computation

HM _MH.%Z < HM - MnH//tg + HM B Mn”//zz + HMH _MHH,//{Z (3-35)

=M - M"HJﬂz + HM B MnH//tz T H Y, - YanZ(x) (3.36)

<M =M, |4, + [M =M, |, + [T = Y] oy + 1Y = Y gy (3.37)

and this whole thing goes to zero. @

Another fact that we can prove now that we have a stochastic integral is that Ito’'s isometry actually

extends to all previsible processes, not just simple:

Theorem 3.6.11 (Ito’s isometry revisited) Let X € .4, and H € £?(X). We then have that

e, -1

E (LOOHdX)ZzEfOHZd[X]

Proof. Follows immediately by an application of the triangle inequality, and approximating H with a

22(X)

that is to say,

sequence (H,,), of simple processes, and { HdX with a sequence of .#, Martingales { H, dX. V

The journey was painful but we now we have a stochastic integral. Before we start doing things with it,

we need to show some properties of it and later extend the integrators to local martingales.

Theorem 3.6.12 (Stochastic integral behaves well with stopping) Let X € #4,, Y € £?(X), and T
be a stopping time. Then X7 e .#,, Y1(0,T] e £*(X), Y € £*(XT) and

1. [XT]=[x]".

’ JYI(O,T]dXz(JYdX)TszdXT

Dear reader, before embarking on this proof please go take a cup of coffee and a snus.

Proof. Let us start by checking the preliminaries.

» To "show" [XT]=[X]" we give some intuition: X7 is equal to X up to time T, after that, it
becomes constant, once it becomes constant, it no longer accumulates any quadratic variation,
therefore the quadratic variation of the process XT up to time ¢ is precisely the quadratic

variation of X up to time t A T.
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» XT e _#, The fact that it is a Martingale comes from the Optional Stopping Theorem. To
show that [ X ™| , < oo, we have the following nice trick:

2
|m*[7, = E[X7] (3.38)
<E [supr] (3.39)
=0
<4E[X2]=4|X|?, <. (3.40)

Where (3.40) uses Doob's inequality.

= To show that Y 1(0, T] € £?%(X) we simply note that 1(0, T'] is left-continuous hence previsible
and Y is previsible by hypothesis. One should now check square integrability but that's obvious.

» Ye£?XT). For this, we note that
0 00] T Q0
Ef de[xT]:EJ de[X]TzEJ Y? d[X]gEf Y3d[X] <
0 0 0 0

where the second equality comes because for a fixed w, we have that since [X]7(“) is constant
after time T(w), the corresponding measure will assign zero mass to all time intervals with
start point after T'(w).

We now go on to check that these integrals coincide. Let us check firstly that

(ra) < fror

We first check that this holds for simple processes Y, and then extend to the general case. For the

case of a simple process Y, we have that

(Lt YdX) ' = (k:Hk(ka - ka_])> T (3.41)
_ 2 H, (X7

-x' ) (3.42)

t ATy EATt_—q
t
::f ydx” (3.43)
0

We now extend to the general case. For this, let Y € £?(X) and let (Y™),, be a sequence of previsible
simple processes with Y — Y in £2(X). We have already shown that {Y"dX” = ({Y" dX)T. So

what we will show is that each of these terms converge to "what they should". In particular:

» (V7dXT — (Y dXTin 4, Theideaisthat Y" — X alsoin £%(XT), then by the construction
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of the integral the claim will follow. To see the claim:

0
|Y* =Y goxr) = E ) (Y"—Y)"d[X"] (3.44)
J
rT
=E| (Y"-Y)d[X] (3.45)
d:t
<E| (Y"-Y)d[X]—0. (3.46)
JO

= (§ Y”dX)T — (SYdX)T in .#,. This just follows from the simple fact that if a sequence
(M), in M, converges to M € M,, then (M), converges in ./, to M. Indeed, by Doob's
inequality
T T T
Y e P (L T B IR VP

@

So far we have constructed a stochastic integral of a previsible process H against an .#, Martingale. We
now wish to increase our space of integrators, starting by enlarging it to .#,,.. To justify the validity of

this we have the following proposition

Proposition 3.6.13 (/.. integrators) Suppose X is a continuous local Martingale and H is a

previsible process such that for any ¢ >0, almost surely

t
f Hd[X ], <0
0

Let .
T, :inf{t>0: | X,| > n or J Hd[X], > n}
0

Then X e #,, H1(0,T,] € £*(X™) and there is some M* € M, for which
M" :—JHI(O, T,]dX™ — M*

UCP.

Proof. We start by noting that X € .#,. This is because we can think of T, as the minimum of
two stopping times, T, = U, A Q, where U, is the stopping time that captures when |X,| gets too
large, and Q, captures when the integral gets too large. Therefore X7 = XUn"Q = (XUn)Qn now
as we know, the thing on the inside is in .#,, and so since stopping an .#, Martingale leaves it in
M, by Doob's inequality (Indeed if M € .#,, then |M"| , = E[M7| < E[sup, M| S E[M- ] < x).
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U, AQyp
J H?1(0, T,,]d (f H2d[ > <o

by definition of Q,,, we have that it indeed makes sense to talk about the processes M". We start by

Moreover, since

constructing M*. Fix a value of . Then observe that on the event {t < T,,}, we have that M" = M"Y
whenever N > n. Now note the following, since T,, — o0 almost surely, it follows that for all £, almost
surely the sequence M will become constant and equal to some M*. Furthermore, we note that if
{t < T,} holds, then for all s€ [0, ], we have that [M" — M*|=0. In particular, for all € >0, for all
t=0:

p [ sup |M —MS*]] <P[T,<t]—0

s€(0,1]

To check that the process M* is a local Martingale, we note that

Definition 3.6.14 (Stochastic integral for local Martingales) Let H be previsible and X € .#,., then

JHdX

is defined to be the UCP limit of { H 1(0, 7,,]JdX ™ for the stopping times defined as

t
:inf{t>0: | X,|>n or J Hd[X], > n}
0

Now we can give the final version of the stochastic integral, the integral with respect to semi-Martingales.

Definition 3.6.15 (Semi-Martingale) A continuous semi-Martingale X is a process of the form
X;=Xo+ A+ M,

where A is a continuous adapted finite variation process, and M is a continuous local Martingale. We
also take Ay = M, = 0.

Proposition 3.6.16 (Uniqueness of semi-Martingale decomposition) Let X be a semi-Martingale.

Then the processes A and M in its definition above are unique up to indistinguishability.
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Proof. If we write
X, =Xo+A +M, =X, + A + M,

we can rearrange and obtain that
A-A=M-M

the right-hand-side is a continuous local Martingale, whereas the left-hand-side is a finite variation
process. We know that continuous local Martingales of finite variation are constant and so it means
almost surely for all #, M; — M/ =M, — M;=0. Hence M =M’ and A=A Q

We can define therefore define integrals with respect to semi-Martingales in an unambiguous way:

Definition 3.6.17 (The Stochastic Integral) Let X = X, + A+ M be a semi-Martingale, and let H

be a previsible process. Then
JHdX = fHdA—l—JHdX

where the first integral is interpreted as a Lebesgue-Stieltjes integral, and the second one as we have

already discussed.

Definition 3.6.18 (Local Integrability) Let X = Xy + A+ M be a semi-Martingale, and let H be a

previsible process. We say H is locally X integrable if for all £ >0, we have that

t t
f |H5|dyA|s+f Hd[M], < as
0 0

Definition 3.6.19 (Local Boundedness) A previsible process H is said to be locally bounded if there
exists a sequence of stopping times (T;,) with T, 1 0, and constants C, > 0 for which, for any (t,w),
one has that

|H (w)|1{t € (0, T,(w)]} < C,

If H is locally bounded, then it is locally X-integrable for any continuous semi-

Martingale X. Indeed: we know that with probability 1, there is some n large enough after which

t t
J Hsd|A|s:J Hsl(o’ Tn]d|A|s
0 0

On this event, we clearly have that Sé |H,|d|A|, < C,V,(t) < oo. A similar argument applies to the
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other condition.

3.7 Quadratic Covariation of semi-Martingales

Definition 3.7.1 Let X = X;+ M, + A, be a continuous semi-Martingale, then the quadratic variation
of X is defined as [X]:=[M].

This definition is not entirely arbitrary, it is justified by the following:

Proposition 3.7.2 Let X = X, + A+ M be a continuous semi-Martingale, let [X]” be the proto-
quadratic variation. Then [X]" — [X]:=[M] UCP.

Proof. Already have that [M]" — [M] UCP. The idea will be to use some sort of triangle inequality
argument to show that [X"] — [X] UCP. For this we note that for any fixed ¢ >0 we have that

Z (At/\t]:’ _AtAt,:Ll> [2 (Mmt,;' _Mt/\tlgil) + <Amt,§‘ _At/\t,:Ll)]

k=1
(3.47)

sup [[X]" —[M]"| = sup

sef0,t] sel0,z]

< ‘//{<[) sup |2(Mu_Mv)+Au_Av’ (3'48)

lu—v|<2—n
but since the function 2M + A is continuous on the compact interval [0, ¢], it's uniformly continuous,

so this whole quantity goes to zero almost surely. Now putting it all together we have that

sup [[X]" —[M]| < sup [[X]" —[M]"|+ sup |[M]" —[M]|

se[0,7] sel0,z] sef0,1]

the first term goes to zero almost surely, the second one goes to zero in probability, therefore the

whole thing goes to zero in probability and we have the desired UCP convergence. Q@

Theorem 3.7.3 (Quadratic variation of the stochastic integral) Let X be a semi-Martingale, and let

H be X-locally integrable. Then
UHdX] :Jsz[X]

Proof. Since by definition [X] ignores the finite variation part, we may as well suppose that X is a
continuous local Martingale. Hence by localisation, we may assume that X € .#, and H € ¥?*(X)

(This integrability condition is precisely what being locally integrable in this context means). We
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() [sain

is a Martingale. This is exactly what proposition B85 says when H is a simple process. (Let us

must show that

mention what this localisation trick is actually saying. To show that a process A is the quadratic
variation of a local Martingale X, you need to show that X — A is a local Martingale, therefore, this
is the same as showing that for some sequence of stopping times (T,), (X — A" =XT — AT s a

Martingale. Then one extends to the general case of previsible processes using an Example Sheet

question. V

Definition 3.7.4 (Quadratic covariation) Let X and Y be continuous semi-Martingales. The quadratic

covariation [X, Y] is defined as

(X, ¥]i= 5 (X + Y] - [X - V])

Remark 3.7.5 Note that [X, Y] is the difference of two increasing (hence finite variation) process,

so it is itself a finite variation process, this means that integrals of the type
JHqKY]
can be made sense of as a Lebesgue-Stieltjes integral.

There is perhaps a more natural way to approach this definition:

Proposition 3.7.6 (Alternative definition of covariation) Let X and Y be continuous semi-Martingales,

then

Z <Xtt1? _Xttlf_l) <Ytt1? . Ytt,?_l) - [X, Y]

k=1
UCP.

Proof. The term on the sum can easily be seen to be

([X+Y]"=[X-Y]")

A~

both of these things converge UCP to their respective quadratic variations. Then by definition of the

polarisation identity the claim follows. V)

Now we collect some properties of this process.
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Proposition 3.7.7 (Characterisation of quadratic covariation) Let X and Y be continuous local
Martingales, then [X, Y] is the unique finite variation process starting at zero for which XY —[X, Y]

is a local Martingale.

Proof. Let A be a finite variation process for which XY — A= M is a local Martingale. Then we can

rewrite
A:i((}ﬁ Y)? —(X-Y)?) *211([)” Y|-[X-Y])+[X,Y]-M

But rearranging we have that

1
A-[X,Y]=-| X+YV) - [X+Y]+(X-Y) -[X-Y] |- M

4 - ~~ ~ — ~—~

EMoc EMoc €Moc

~ S

is a local Martingale, and since A is assumed to be of finite variation, and [X, Y| being the difference
of two increasing (hence finite variation) processes is itself of finite variation, it follows that A—[X, Y]
is a local Martingale of finite variation, hence constant and by assumption of started at zero we have

that they are both equal. To show that [X, Y] satisfies the claim is clear.
Y%

Corollary 3.7.8 (Bilinearity of quadratic covariation) One has that
(X+Y,Z]|=[X,Z]|+|Y,Z]

almost surely.

Proof. A way to prove this is using the UCP limit above and then justifying why the result holding "in
UCP" means that it holds almost surely. A better way to prove this is by using the characterisation

of Quadratic covariation, indeed, we note that
(X+Y)Z—([X,Z]+][Y,Z])

is obviously a local Martingale, and so we are done. Q@

Corollary 3.7.9 If X is a semi-Martingale of finite variation, then [X,Y]=0.

CHAPTER 3. THE STOCHASTIC INTEGRAL
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Proof. We simply have that [X + Y] = [X — Y] = [V]. Because the definition of the quadratic

variation of a semi-Martingale only includes the local-Martingale term. Q@

Theorem 3.7.10 (Kunita-Watanabe Inequality) Let X and Y be continuous semi-Martingales and
let H be locally X-integrable. Then

[/ e,y J ) [

Theorem 3.7.11 (Kunita-Watanabe identity) Let X and Y be continuous semi-Martingales and let
H be locally X-integrable. Then H is locally [X, Y] integrable and

. [or0x] - [,

Proof. We can consider the case where X and Y have only their local-Martingale part. By the

characterisation of quadratic covariation, we must show that
7 = YfHdX—fHd[X, Y)e M.

By localisation, we can assume that X, Y € .4, and so we need to show that Z is a true Martingale.
We first show that this is true for simple processes. By linearity of the integral, it even suffices to show
that it works for processes of the form H = K 1(s,, s;| for K € bZ, . If we compute the expressions

above, we have that in this case
Zi=KY, (X5, —Xing) — K ([X, Y] 0s — [X, Y] g
which can be conveniently rewritten as
Z,=KY, (X' —X*)—K([X" Y], —[X"Y],)

if it weren't for the K, this would clearly be a Martingale, but as we have seen in a prior calculation,
since K is 7, measurable, the Martingale property is still there. Indeed, let T be a bounded stopping

time, then
EZ; =E[KE[Y; X} —[X%, Y], — Y X — [X*, V]| 7, ]] (3.49)

and now one sees that this becomes zero. Therefore the converse of the OST is satisfied, and so
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the claim is proven for simple processes. For general processes one renames the processes H, Y, X to
H1(0,T],Y",XT for a bounded stopping time T, and so the goal is to show that

0 a0
Elyoof HSdXS—J Hsd[X,Y]s]zo
0 0

This is accomplished through a series of not very stimulating calculations. (See Lecture 12 notes) ©

3.8 I1to’'s Formula

After all this dry theory, we can provide one of the fundamental results of Stochastic calculus:

Theorem 3.8.1 (Itd's formula) Let X = (X*,---,X") be an n-dimensional continuous semi-Martingale.
Let fe C?(R",R). then

PO =100+ 2 | ZLonext S, f L aix X,

The proof will come after a series of smaller results. The first one is an analogue to the Riemann sum:

Lemma 3.8.2 Let X be a continuous semi-Martingale, and Y a locally bounded, adapted, left con-

t
UCP ,.
L vdX = lim )V (th"—Xr,Ll)

k=1

tinuous process, then

Proof. Since X = X, + A+ M where A is of finite variation, and M is a continuous local Martingale,

we need to show that ,
UCP ..
J vaa'S lim 31 (Ag —Ay)
0 k>1

and
deMUCthE Y, <Mn—M )
0 n—o 1

Let us start with the dM integral. Recall that Y is locally bounded and M is a local Martingale, so
we can rewrite Y for Y1(0,U,) and M for M where (U,) and (T,,) are a sequence of stopping
times for which Y < C, and M’ € _#,. Now note that by left-continuity of Y, we have that

ZYt" k pl

k=1

converges pointwise to Y, so by the dominated convergence Theorem, (V" is also uniformly bounded),
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we have that
(Y"-Y)*d[M]®dP=E UOC(Y" - Y)Zd[M]] —0

QxR* 0
and so { Y"d[M] — {Yd[M] in .#4,. Now this allows us to conclude UCP convergence for these

localised processes:

B R K| e T I
sE[f Y" - Yd[M] 2] (3.51)
<E [J[(Y”— Y)Zd[M]] —0 (3.52)

Where (3.50) is Markov's Inequality, (3.51) is Doob'’s Inequality, (3.52) is Jensen's Inequality and the

limit we saw just now. To recap, we have shown that for some stopping times (Q,,) with Q,, 1 0,

Qm
>€e|l—0

fY”—Yd[M]

P[sup

se[0,£]

Now one needs to "remove" the Q. For this, let us momentarily define Z* = sup,o, ;] ‘Sé Y"—Yd [MH
for convenience. Since Q,, T o0 almost surely, it is true that the event | J,,{Z" = (Z]")?"} has proba-

bility one. Therefore, we have that

P[z!>e|=P|{z]>e}n| J{Z = (Zf)Qm}]

<P (| Jizne >e}]

= lim P[(Z")% > ¢€]

m—o0

Where this last limit is due to increasing events. This means that for any arbitrarily small n > 0, there

is some M > 0 for which

s s Qum
P | sup f Y”—Yd[M]' < P | sup f Y"—-Yd[M] +n
se[o,t]1J0 sefo,t] 1Jo
and we have seen how the first term goes to zero. |I'm not going to show the second part of the proof,
i.e: the dA integral, but it follows by the DCT and localisation. V)

With this out of the way, we can prove the following
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Lemma 3.8.3 (Stochastic integration by parts) Let X and Y be continuous semi-Martingales, then
XY _JXdY+deX+[X, Y]

or in differential notation
d(XY)=Xd(Y)+Yd(X)+d[X,Y]

Proof. We have the following limits in UCP sense.

t
ZL X dX :zgiilgchtlg'l (Xt/\t,j _Xt/\t]ZLl)

2
_ X _ X2 — (X —X
2,}%2 : tat) tat] < taty t”/:!)

k=1
= X7 =Xy —[x],

But as we've discussed on prior occasions, since these equalities in UCP end up not depending on n,
we have that ZSSXdX = X?—X?—[X], almost surely. From this, we can apply polarisation identities
to (X +Y) and (X —Y) using the above equation with these instead of X. @

With this in mind we are ready to prove Itd's formula

Proof of Ité’s formula. We do for simplicity the case of dimension n = 1. Let us start proving the
claim for polynomials. Let us prove it for monomials and then linearity does the rest. Clearly the

claim holds for f(X,) = X?, so now suppose that for some m, one has that

m(m—1)
2

d(X™)=mX"™ 'dX + X" 2d[X]

Using the inductive hypothesis, bilinearity and Kunita-Watanabe we have that

= {fmxmldXJrfMszd[X],X]
= Umxmldx,x] - Umxmzd[x],x]

mexm ld[x J’” Y xm-2471x7, x]

where the last equality comes from the fact that since [X] is of finite variation, Corollary B79 says
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that [[X], X] vanishes. Thus in differential notation, d[X™, X]=mX™ 'd[X]. From this it follows
that

d(X™ ) =d(xXx™) (3.53)
= X" dX + Xd(X™) + d[X™, X] (3.54)
— X" dX + X d (J mX™dX + Jm(mT_l)szd [X]) L mX™ld[X]  (3.55)
=X’"dX+mX’”dX+—m(W;_1>

(m+1)m

X" [X]+mX" ' d[X] (3.56)

=(m+1)X"dX + X" Hd[X] (3.57)

Thus proving the formula for monomials. In step (3.54) we used the stochastic integration by parts,
in step (3.559 we used the inductive hypothesis and the calculation done just before. In step (3.56)
we used the stochastic chain rule (Example Sheet 2), that says that

fAd(JBdX)zJABdX

Then step (3.57) is just putting it all together. Thus It6's formula is proven for polynomials and so

now one just needs to extend it to general C? functions. This is done with Weierstrass' Theorem.

@
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Chapter 4

Applications to Brownian Motion

4.1 The Brownian Motion characterisation of /.

We can now use the stochsatic calculus we have developed to provide some interesting results about

Brownian Motion.

Theorem 4.1.1 (Lévy's Characterisation of Brownian Motion) Let X be a continuous d-dimensional
local Martingale with X, = 0 and quadratic covariation [X’, X/]| = £0;;, then X is standard Brownian
Motion.

Main idea: The key is to consider the process, for 8 € R?
M, =exp (i0 X, +| 6|’ t/2)

show it is a Martingale, and therefore show using the Martingale property, that the characteristic function

of X is that of a Normal random variable.

Proof. Let 8 € R%, and consider
. 2
M, =exp (i0-X,+[0]"t/2)

Then to show that M, is a Martingale, we start by showing it is a local Martingale, for this we use

Itd's formula
o\ 1 &
dM, =M, | i0-dX, +——dt | —=M, > 067 d X', X7],
2 2 ji=1
which gives that

which means that M, is a local Martingale, since it is the integral of a continuous (hence locally

61
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integrable) process against a local Martingale. Now we show that M is actually a Martingale, for
2

this, we start by noting that for a fixed 7, supy | M;| = exp (@) which is integrable. We will

now use this to show M is a Martingale. Let (T,,),, be a sequence of stopping times with T, — o

such that M % is a Martingale. Then

M, = lim M, ;
n—o0 n

= hm E[M[/\Tn ‘gs]

n—0o0

:E[Mt|gs]

Where the last equality, came from the fact that [M,, 1, | < supyy,|M;|, which we showed above
that is integrable, hence by the DCT we were able too introduce the limit inside the expectation.
Now that we know that M is a Martingale, we have that

E [exp(i@ ’ (Xt _Xs>)|gs] = €xp <_97”(t - S))

so by taking expectation of both sides, we have that the characteristic function of the increments
X, — X, is that of a A(0,¢ — s) random variable. Moreover, since the conditional expectation given
Z, is a non-random object, we have that X, — X; is independent of Z,. (for a proof of this fact
consult [TehTd, Page 21]). Therefore X is Brownian Motion. Y%

The following result is a clever consequence of Lévy's Characterisation:

Theorem 4.1.2 (Dubins-Schwarz Theorem) Let X be a scalar continuous local Martingale for a
filtration (Z,), so that X, =0 and [X],, = o0 a.s. Define the the stopping times

T(s)=inf{t >0:[X], = s},
and the family of random variables
W = Xr(s)

with the sigma-algebras %, = (). Then (%), is a filtration and the process W is a Brownian
Motion in (%;)s. (To clarify, when we say W is a Brownian Motion in (%), we mean that W is
adapted to this filtration and that the increments W, — W, are independent of %)

Proof. We start by noting that for a fixed w € Q, the map t — [X],;(w) is continuous and non-

decreasing. Hence the map s+— T (s,w) is increasing and right-continuous.
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t—[X], s—T(s)
/

/o
So| / to-i

Ly f So

Let us first show that (%) is a filtration. This is immediate from the fact that T is increasing.
The remaining ingredients to check are: to show that W is continuous, to check that W is a local
Martingale, and to check that the quadratic variation of W is [W], = t. This last condition is
immediate from the continuity of X and the definition of T. Now let us show that W is continuous.
The only doubt to see that W is continuous comes from the possible jumps of T, that is to say,
when the quadratic variation of X is constant. So in this regard, if we can show that whenever [X]
is constant then so is X we will be done. l.e. we must show that whenever [X], = [X],,, then
X, = X,,. Let t; be given and let U =inf{u > t,:[X], > [X],}. We will show that X;; = X, (note

that in our diagram U (w) = t;). For this, consider the process

Yu = Xu/\U *Xu/\to
- [ "1 v ax,
0

since Y is the integral of a left-continuous process with respect to a local Martingale, we have that

Y, is itself a local Martingale. Hence it has quadratic variation

0
V] = | 16,018 = [X]y - [X], =0
0

Therefore we have that the quadratic variation of Y is always zero (because if the quadatic variation
at infinity is zero, and the quadratic variation is a non-decreasing process, we must have that [Y], =0
for all 1) and since if a local Martingale has zero quadratic variation it must be almost surely constant
(Indeed, if [Y] = 0, then by the characterisation of quadratic variation we must have that Y? is a
Martingale, which means that E[Y,? — Y*| = 0, and since E[(Y; — Y;)*] = E[Y,? — Y*|, we get that
Y, — ¥, almost surely). This shows that X;; = X, almost surely, and so we have almost sure continuity
(This is enough for Lévy, no need for strict continuity). We now show that W is a local Martingale,
then we will be done. First of all, since X is a local Martingale, let 75 be the "canonical localising

sequence", so that X™ is a bounded Martingale (with respect to the filtration {Z,}). Then define
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) = 5

Figure 4.1: Proof by picture: conformal invariance of Brownian Motion

oy =[X];, so that

E[V‘/U'N/\Sl ’ (gso] = E[XT(UNAsl) ‘ (‘qso]
= E[X:nr(s) | Frisy)]

= TN/\T(S()) = WTN/\SO

Where in the first step we used the definition of W, in the second one we used the fact that
T(on A s) = inf{t : [X,] > ([X];, A 5}, and in the last step we used the fact that X"~ is a
Martingale, along the OST. | suppose that for full clarity we can note that [W]; = [X](;) because
W?—s :X%(S) —[X]r(s) and this latter is a Martingale with respect to (%;);. @

The power of this Theorem comes from the fact that if X € .#,,. with X, =0 and
[X]., = o0, then X is a time-change of a Brownian Motion. Meaning, there exists a Brownian Motion
for which X, = Wix),. It turns out that the assumption of infinite quadratic variation can be relaxed.
This finally gives the intuition that was hinted at, that said that the quadratic variation is the clock of
a Martingale, moreover, this Theorem also says that Brownian Motion is in some sense, the universal

local Martingale.

4.2 Conformal Invariance of Brownian Motion

Theorem 4.2.1 (Conformal Invariance of Brownian Motion) Let X and Y be independent standard
Brownian Motions in R and so that W = X +iY is a Complex Brownian Motion (planar Brownian

Motion). Let f: C — C be a holomorphic function. Then

F(W,) = £(0) + W,

Where W is a planar Brownian Motion and (A;); is a non-decreasing process.
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Proof. Let f(x+iy)=u(x,y)+iv(x,y), so that f(W,)=U, +iV,. We can assume that U, and
V, start at zero so that we can write f(W,) = f(0) + U, + iV;. The goal is to show that U, = X\At
and V, = Y;[ for some increasing process A and a pair of independent Brownian Motions X and Y.
We first note that since U, = u(W;) and u being the real part of a holomorphic function is C*, we

can apply It6's formula:

du(W,) — <21:dX+%dY) 1<§Czd[] ;gy X, Y]+§y—‘2‘d[ ])

and since [X, Y| =0 because they are independent, and Au =0 since u is harmonic, we have that

au au

t éx + ay

In a similar fashion, a v
dV. = —dX + —dY

From this we learn that U and V, being integrals of continuous functions against local Martingales, are
themselves local Martingales, which means we are a step closer to be able to use the DDS Theorem.
Next, let us compute the quadratic variations of U and V, for this, we will need the Kunita-Watanabe

[ e
=f<a>;[xw<@>d[ Aol
SR w5 e JES e

a."d. " 4lu]= (%)zd[x] * (%> )

But using the fact that d [X] = d[Y] = df, and the Cauchy-Riemann equations, we have that
d[U]=d[V], and in turn, since the derivative of a complex function is the sum of the derivatives of

the real and imaginary components in the real direction, we have that

d[U]=d[V]=|f"(W,)["dt
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we can call these quadratic variations say A;, and so we have that

U], - f £ (W) de

If we are able to show that A,, = oo, then we'll have that (U], =[V], =0 and so by DDS we will

have that U, :X\At and V; = ’Y;t for two Brownian motions X and Y. Moreover, note that

o= ((5)(3)+(5)(5)) -

So in particular we will have that X WA, [U,V], =0 and since A; is increasing and continuous
we have that in fact | X, /jt =0 for all £, and so the two Brownian Motions are independent. Let us
then finish off the proof by showing that A,, =o0. We will do this by using the recurrence properties
of Brownian Motion. Since f is non-constant, there are points @ and b such that f(a) # f(b), and
so by continuity of f there will be some € > 0, and disks D, and D, about a and b such that for any
aeD, and all BeD,, |f(a)— f(B)| > €. Since planar Brownian motion is neighbourhood-recurrent,
it will visit D, and D, infinitely-often almost surely. Which means that P[f(W,) converges] =0. But

since for a general local Martingale X, we have that {[X], <o} < {X converges}, and since

(W)l = [ 1w Pt

(This comes from 1t8's formula that says that f(W,) = S(T)f’(Wg)dV\@ +3 S(T) f”(W;)ds, and so takinig

quadratic variations and using Kunita-Watanabe gives the above claim) we have that A, =w. ©
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4.3 Cameron-Martin-Girsanov Theorem

In many applications of stochastic calculus, we often encounter situations where a Brownian motion
acquires a drift. A key question is how this affects its distribution. The Cameron-Martin-Girsanov Theorem
provides a precise answer by showing that a drifted Brownian motion can be viewed as a standard Brownian
motion under an equivalent change of measure, with the Radon-Nikodym derivative given by an exponential

martingale. Let us first recall some preliminary concepts:

Definition 4.3.1 (Equivalent measures) Two probability measures P and Q are said to be equivalent
on (,%) if P[A] =0 if and only if Q[A] =0. We may use the symbol P ~ Q to denote equivalence.

We already know the Radon-Nikodym Theorem from a second course in Probability, but let us give a nicer

version:

Theorem 4.3.2 (Filtered Radon-Nikodym) Let P ~ Q be two equivalent probability measures on a
filtered measurable space (0, Z,{Z,};). Then there exists a uniformly integrable Martingale Z such
that for any t, P[Z, >0]=Q[Z, > 0] =1, and for any A€ Z,, one has that

Q[A] = EP[Zt lA]

Proof. By the Normal Radon-Nikodym, there is some integrable random variable Z,, > 0 that is

positive P-almost surely for which
Q[A] = EP[ZOC ]-A]

for any Ae Z. In particular, if we choose an A € .%,, then by definition of conditional expectation,

we can write

Q[A] = EP[E[_ZOO |ir] lA]

. ~ -~
=:Z;
Now since Z = (Z,), is £" closed, it is Ul, and it is also clearly a Martingale. Q@

Some immediate consequences of the Filtered Radon-Nikodym are:

Consequences:

1. Zy=1: Indeed, since Z, = E[Z,, | Z,], and Z, is assumed to be trivial (Recall this is a running
assumption throughout the entire course), we have that Z, = E[Z,] and by choosing A =Q we

can easily see that this is equal to one.



68 CHAPTER 4. APPLICATIONS TO BROWNIAN MOTION

2. If & is both Q and P integrable, as well as .%,, measurable, then for all 0 < s < ¢, we have that

EP[Ztg | ‘gs]

EQ[€|95]: 7

Indeed: let Ae Z (< .7,), then by Radon-Nikodym, we have the following change of measure

for expectations

Eqo[E1,]=Ep[E1,Z,] (4.1)
= Ep[1,Ep[EZ, | 7] (4.2)
~Ep 1,28, | 22| | (43)
—E, [1AE,, [% ,@H (4.4)

where (4.1) is from the fact that A€ Z,, so we can use the Filtered Radon-Nikodym, step (4.2)
is by definition of conditional expectation, step (4.3) is by putting a Z in the denominator

inside the inner conditional expectation as it is Z;-measurable, and step (4.4) is by the Filtered
Radon-Nikodym

With this out of the way, we can now present the goal of this section: the Cameron-Martin-Girsanov

Theorem.

Theorem 4.3.4 (Cameron-Martin-Girsanov ) Fix a probability measure P and let W be a Brownian

Motion for P in R", and let (a;), be a previsible process in R" for which SSO |as| ds < oo P-almost

t 1 t )
Z, =exp a-dW ——| |a| ds
0 2 Jo

and assume that (Z,), is P-Uniformly Integrable Martingale. Let Q be the measure defined by

surely. Define

dQ _

— 7
dP *

Then the process W, = W, — Sé a.ds is a Q-Brownian Motion.

The proof relies on a few Lemmas:

Definition 4.3.5 (Stochastic Exponential) Let X be a continuous-semi-Martingale, then &(X), =
exp (X; — 3[X],) is called the Stochastic Exponential.
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Lemma 4.3.6 Let P be a probability measure with respect to which Z is a Uniformly Integrable
Martingale with that is strictly positive almost surely. Let X be a continuous P-local Martingale, and

define a measure Q as
dQ
dP
Then the process X — [X,logZ] is a Q-local Martingale.

Zo

Proof. We note by Itd's formula that

&z d|Z
dlogZ = — — 7]
Z 272

so plugging this into quadratic covariation, and using Kunita-Watanabe, we have that

(X, log Z] — [X, f g] B [X f ‘ [ZZ]}

:JdMJﬂ_JdB[Zﬂ

Z 272

and so drx. 7
d[X,logZ] = X, 2]

Now let X = X — [X,logZ].By localisation suppose that X is bounded, we will now show that it is in
fact a Martingale with respect to the measure Q. The key is to note that XZ is a P-local Martingale,
this is because

dXZ)=XdZ+ZdX + dX,Z]
—Zd[X,logZ]—[X,logZ]dZ
=ZdX +Xdz

and so XZ is the sum of integrals of continuous processes against local Martingales. But since Z is
Ul and X is assumed to be bounded, then XZ is also a Ul P-Martingale, so that we have

EP[ZOOXOO | gzt]
EplZ, | 7]

—_

EQ[X\oo|g:t]:

Where in the first equality we used Remark B33 and in the second equality we used the fact that
ZX is a Ul P-Martingale, and that so is Z. V)

In particular, if we choose Z to be a stochastic exponential &(M), then we have that X — [X,M] is a

Q-local Martingale. We are ready to prove Cameron-Martin-Girsanov:
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Proof of Cameron-Martin-Girsanov. Recall that we are considering

t 1 t
Z, =exp (J a-dW——J FAE ds)
0 2 Jo

and we are trying to show that W =w,— Sé a,ds is Brownian Motion under Q. By the previous

Theorem, we see that since

(W, log 7] — [W,Ja- dW] —% [W,JHaS\Z ds]

=Jasds

then W, is indeed a Q-local Martingale. Continuity is obvious, so to finish off, we just need to
show that the quadratic variation of W under Q is . For this, we note that since P and Q are
equivalent measures, UCP convergence under Q is equivalent to UCP convergence under P (this is
due to a homework problem that says that if P ~ Q then convergence in P-probability is the same
as convergence in Q-probability, and so the quadratic variation of W under Q is the same as the

quadratic variation under P. Finally, we note that under P,

- [ [atasw s

- [WI,W]] - téiyj

Where the second equality comes from the fact that those integrals are of finite variation. V)

Naturally, the big elephant in the room is that Girsanov's

t 1 t
Z, - exp (J a-dw——f Has\zds)
0 2 0

to be a Uniformly Integrable Martingale, but how can one check this without doing loads of work? It

Theorem requires

turns out that there is a condition (Novikov's condition), whose proof we omit, that guarantees it: if

M is a continuous local Martingale for which
1
E [exp (E[M]OO)] <00

Z=&M)

then
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is a Ul Martingale. Therefore, Girsanov's Theorem is true if we merely now require that

1 o0
E lexp (EJ |a,|? ds>] <00
0

There is one last important result, which we will state but not prove:

Theorem 4.3.8 (Martingale Representation Theorem) Let (2, %, P) be a probability space in which a
d-dimensional Brownian Motion W is defined, and let (Z,), be the (completed and right-continuous)
filtration generated by W. Assume that Z = o (| J, Z,), i.e: the information on the probability space is
that generated by the Brownian Motion. Let M be a cadlag locally square integrable local Martingale.
Then there exists an Leb® P almost sure unique predictable d-dimensional process @ = (a,), such

that §, |la,|* ds < oo and
t
Mt=M0+j a-dw
0
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Chapter 5
Stochastic Differential Equations

The goal of this chapter is to make sense of objects of the form

Where b:R" >R, and 0 :R" — R™ are given and W is a d-dimensional Brownian Motion.

5.1 An application of Girsanov’s Theorem

As a warmup for our study of SDE’s, we use Girsanov's Theorem to show the existence of what we will

define later to be a weak solution.

Proposition 5.1.1 Let b : R — R and o > 0 a constant. For every constant T > 0 and x € R,
there exists some probability space (2, %, P) on which a Brownian Motion W and a continuous

semi-Martingale (X;);c[o,r] is defined satisfying
dX = b(X)dt + odW

and initial condition X, = x.

Proof. Let (Q,ﬁ',ﬁ) on which there is some Standard Brownian Motion W. Set X = oW + x.

Define
Z=6 (éfb(x)dW)

Since b is bounded, then so is b? and so

E[ ! Ltb(Xs)zds] <

202

for all £ > 0. And so by Novikov's condition, the process Z is in fact a Ul Martingale. Therefore for

73
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a fixed T > 0, we can define the measure P by

dP
P

and by Girsanov’'s Theorem we immediately get that

1
W=W——fb(X)dt
o

is a Brownian Motion under Q. So rearranging, we have that

t
Xt=x+f b(X,)ds +oW,
0

5.2 Definitions of solution

Let us start by introducing what a solution to an equation like BT should be. It is clear that we should

have the following ingredients:
1. A probability space (2, Z, P) with a complete, right-continuous filtration (Z,),,
2. a d-dimensional Brownian Motion W adapted to (Z,),,

3. an adapted process X, such that b(X) and o(X) are predictable, and
t t
f Ib(X.)|ds <o and J o (X.)[? ds < o0
0 0

almost surely for all ¢. Here |o||° = trace(coT) is the Frobenius matrix norm. Finally, we need

t t

b(X,)ds +J o(X)dW,

Xl’:XO—i_J
0

0

for all £ >0.

In the definition above, we are talking about this thing

J:U'(Xs)dVVS

which is apparently an integral of an n x d matrix against a d-dimensional Brownian Motion. The
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way this is defined is intuitively as a vector, so that the equation above really reads

t d t
X;:X5+L bi(Xs)ds+ZL o (X,)dWr.
k=1

Note how the item 3. really is what we mean by equation B, which has no a priori meaning. The
integrability conditions mentioned in item 3. ensure that the df integral is well-defined as a Lebesgue-
Stieltjes integral, and that the dIV integral is well-defined according to the theory of Stochastic integration.

We will now introduce two notions of solution:

Definition 5.2.2 (Strong solution) A strong solution to the SDE Bl takes as the data the functions
b and o as well as the probability space (2,7, P) and the Brownian Motion W (the filtration is

assumed to be generated by the Brownian Motion), and the output is the process X.

The key to understand what this is saying is the requirement that X is adapted, and the
requirement that for a strong solution, the filtration is generated by the Brownian Motion. This means
that in fact X is a functional of the sample paths of the Brownian Motion. That is to say, given the
dynamics b and o, and the realisation of the noise, one can reconstruct exactly the resulting process
X. From a simulation perspective, the natural thing to consider is a strong solution. Suppose we were
trying to simulate the SDE B in a computer. We may discretise time inintervals 0 =1, <, < t3 <---

and get a family (Z;)i>o of independent .47(0,1) random variables, then effectively, we can think of

X[k = th,1 + b(thfl)(tk - tk—l) + O'(thfl) (Vvl‘k - M/tkfl)

S

~- =

A/ te—tk—1Zk

Now it is clear, that the evolution of the process X is clearly driven by the values of the normal random
variables (Z;)i=o, so that in effect, if we were given the seed that generated the random numbers, we

could always reconstruct the exact same sample path for X.
In contrast to a strong solution, we have:

Definition 5.2.4 (Weak solution) A weak solution to the SDE bl takes in as the data the functions
b and o and outputs a probability space (2, Z, P), a filtration (Z;),, a Brownian Motion W and
the process X.

Recall that for the strong
solution, X is adapted to the filtration generated by a given Brownian Motion, this means that we

must construct an X whose randomness is exactly that of the Brownian Motion. In a weak solution,
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one is free to construct both X; and W, together in a way that the differential equation is satisfied,
both X and W may have randomness of their own, instead of the strong case, where the randomness

of X is constrained to the externally given W.

Let us provide an example of an SDE that admits a weak solution, that is not a strong solution.

Consider the following SDE, in the case n =d =1:
dX, = g(X,)dW,,  X,=0.

where
+1 x=>1

g(x) = sgn(x) :=
-1 x<1

This SDE has a weak solution but no strong solution

Proof. Let us show the existence of a weak solution: let (€, Z, P) be a probability space on which
a Brownian Motion X is defined, let (Z,), be any filtration for which X is adapted. Define a local
Martingale W by

t
Vvt :J g(Xs)dXs
0

note that this is indeed well defined, because even if g(x) is not left-continuous, the Brownian motion
is previsible and the signum function is a pointwise limit of continuous functions, which preserves
measurability. Of course since X is a local Martingale, it follows that W is also a local Martingale.

Now note by the chain rule that

t rt
[ sxam = | goxa( [sooax)
0 JO s
rt
= g(Xs)des
JO
rt
== dXS :Xl»
Jo

therefore the SDE is satisfied. Now we are just left with checking that W is a Brownian Motion,
but since we have seen that it is a continuous local Martingale, all left to do is simply compute its

quadratic variation, but this is rather simple by using say Kunita-Watanabe:

so we indeed have a weak solution. To show that it has no strong solution, we need the following
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fact (Tanaka's formula) if B is a Brownian Motion, then:
' 1
|B,| :J sgn(By)dB, + lim —Leb(s €0, ¢]:|Bs| <€)
0 €lo 2€

Now suppose that X is any process that satisfies the SDE, note that X must be a Brownian Motion
because it is a local Martingale whose quadratic variation is clearly seen to be equal to . Then we
see that by the chain rule, as we have done before, one can recover the Brownian Motion W in the

solution from X:

t
W, = f sgn(X, ) dX,
0

1
=|X,| —lim — X <
| X, | lgglzeLeb(se[O,t] |Xs| <€)

where the last step is Tanaka's formula with the fact that we've just shown X must be Brownian
Motion. In particular, W, is a function of | X| up to time ¢, which means that W, is o (| X,|: s €0, t])
measurable. But if X were to be a strong solution, we must have that X, is o(W, : s € [0, t])

measurable, but if this were true it means that X would be a function of | X|, which is nonsense. ©

5.3 Notions of uniqueness

As usual, whenever we have a solution to a differential equation, the next step is to ask whether this
solution is indeed unique. But in the case of stochastic differential equations, it turns out that just as

there are two different notions of solutions, there are two different notions of uniqueness:

Definition 5.3.1 (Pathwise uniqueness) The SDE BT has the pathwise uniqueness property if any
two solutions X and X’ both defined on the same filtered space and driven by the same Brownian

Motion, which moreover have the same initial conditions almost surely, then one has that

P[X, =X, forall t >0]=1.
The second notion of uniqueness is the following:

Definition 5.3.2 (Uniqueness in law) The SDE Bl has the uniqueness in law property if any two
weak solutions (Q,.Z,P, X, W), (¥, Z', P',X',W') such that X, ~ X/, we have that the processes
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Remark 5.3.3 This last statement about identical distribution is a statement about laws on the space
of continuous functions, after all, recall that (X;), can be seen as a measurable function 2 — C(R;R").

Therefore we are asking that the laws of the two processes on C(R;R") agree.

We would now like to see an example of an SDE that has uniqueness in law but not pathwise unique-

ness.

Example 5.3.4 (Tanaka's example continued) Tanaka's SDE:
dX; =sgn(X,;)dW;

with X, = 0 has uniqueness in law but no pathwise uniqueness. (Recall that here sgn means the

slightly unusual version of the signum function that we described in Example B=Z8)

Proof. To check if an SDE has uniqueness in law, we have to check that for any two weak solutions,
their laws agree (Here we make the distinction of weak solution because we only care about the law
of the solution, not the pathwise properties which are determined by the probability measure on the
space). But if X is any weak solution, as we saw before, by computing the quadratic variation and
seeing [X], = t, we deduce that X is in fact a Brownian Motion, which means that all weak solutions
have the Wiener measure as their law and so we have uniqueness in law. However, we are now going to
show that one does not have pathwise uniqueness. Suppose that (2,.%, P, X, W) is a weak solution.
Then note that

d(—X;) = —g(X,)dW;
=g(—X,)dw,

Where the first equality follows by Ito's Lemma. The second equality follows by inspection. It follows
that the process —X is also a weak solution, but since they are on the same probability space, we

deduce that this SDE does not have pathwise uniqueness. V)

It might seem natural to believe that the reason why this SDE fails to have pathwise uniqueness is the
lack of smoothness of the function o (Recall the general form of the SDE dX, = b(X,)dr +o(X,)dW,).
Indeed, we now see that by fixing some smoothness condition on the function b and o, we indeed are

guaranteed to have pathwise uniqueness:

Theorem 5.3.5 (Pathwise uniqueness) The SDE B has pathwise uniqueness if the functions b and

o are locally Lipschitz, i.e: for all N > 0, there is some Ky > 0 such that whenever ||x|| and ||y| are
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both no greater than N, we have that
Ib(x)=b(y)|<Kyl|x—y| and [o(x)-o(y)|<Kylx-yl

(Note that the norm with the o's is the matrix norm)

Note that this Lipschitz condition means that in particular the integrands are locally

bounded so the Stochastic Integral Makes sense.

to prove this Theorem we will need the following lemma

Lemma 5.3.7 (Gronwall's Lemma) Suppose there are constants @ € R and b > 0 for which a locally
integrable function f satisfies for all £ > 0:

t

f(t)<a+bf f(s)ds.

0

Then f(t) <aexp(bt) for all £ >0.

Proof of Theorem B-35. We prove this for the case of dimension n=d =1. Let X and X’ be two
solutions to the SDE b1l defined on the same probability space with X, = X; almost surely. For a
fixed N > 0, define Ty =inf{z > 0:|X,| > N or |X]| > N}. The goal is to show that for the function

f(t) =E |:HXtATN _X;/\TN

because

2
], one has that f(¢) =0 for all £ > 0. This will finish off the proof,

0
P[X,=X] forall t]=P | () {sup }X;—XtHzo}]
N=1 \ISTy

:A][i_r)nooP LSBYP 1X! — X, | =0]

<IN

and in turn, if we manage to show that f(¢) =0, we'll have that for each N, E [HXMTN —X;ATN

|
0 and so P [XMTN =X;ATN] =1 for all . Now the key observation is that since X and X’ are

continuous (almost surely) we have that

P sup .~ x| 0| - P [ﬂ {Xon =% =0}]
IsIy q€Q

=>1- Z P [Xq/\TN 7‘é)(c;ATN]
qeqQ

~

=0

79
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So all left to do is to prove that f(¢) is in fact zero for all values of ¢ > 0. For this we simply note

that

t t

b(X)ds +J o(X;)dW,

Xt:X0+J
0

0

and

t t

b(X])ds +J o(X])dw,

X;=X(;+J )

0
then if we assume that X, = X and take the difference, we can apply the inequality (a + b)* <
2a® +2b? and see that (Here I'm a bit careless writing | X — V| as (X — V)? and viceversa, but its

all good because we have assumed that we are working in dimensions one)

E [(XMTN —X;ATN>2] <2E [(LT b(X,)— b(x;)dsﬂ 2 !(J:ATNO'(XS) —a(x;)dm)2]

<2E UOMN(b(XS) _ b(Xs’)ds)z] L 2F UOMTN

2
]ds

Where in the first step we used (a+ b)? <2(a*+ b?), in step two, we used Jensen's inequality for the

(o(X,)—0o(X - s’))zds]

t
2
<ot [ 8 [|xn

first integral and Ito's isometry for the second integral, and in the third step, we used the Lipschitz

condition as well as Fubini's Theorem. Now from Gronwall's Lemma, it follows that in fact f(#) =0.

@

To me it seems natural that pathwise uniqueness is a stronger condition than uniqueness in law, but
proving it is not a trivial result, as we have to deal with solutions being defined in different probability

spaces. This result is indeed correct, but we ommit its proof:

Theorem 5.3.8 (Yamada-Watanabe) If an SDE has the pathwise uniqueness property, then it has

uniqueness in law.

5.4 Existence of strong solutions

In this section we provide a result that states that under certain smoothness conditions, one is guaranteed
to have a solution to the SDE

Theorem 5.4.1 (Existence of strong solutions) Suppose the functions b and ¢ are globally Lipschitz,
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i.e, there is some K > 0 such that for all x,y e R":
Ib(x)=b(y)|<Klx-yll lox)-c(y)|<Klx-yl

(Mind the blatant abuse of norm notation) Then there is a unique strong solution to the SDE B2.

Main idea: The main idea is to show that for some deterministic value of time T, one can show the
existence of a strong solution on [0, T'| for any starting value X, and then extend by "gluing solutions"

together.

Proof. Suppose we can prove the existence of a strong solution X() to the SDE B2 for any initial
condition X, on an interval [0, T] for some T > 0. Recall that the key difference between weak and
strong existence is that for X(1) to be a strong solution, it must be indeed a function of the Brownian
motion W defined on the underlying space, as well as of the initial condition X,. This means there

is a function ¢ such that Xt(l) =@ (W, X,) satisfies

Xt(l) :)(()“—Jv
0

t t

b(x) ds+f o (xW) dw,

0

for any t € [0, T]. We could then use this same function ¢ with initial condition X;l) and the Brownian

Motion (W, 7 — Wy),so to construct a process X ®) such that for ¢ € [0, T]
t

t
b(x®) ds+f o (X®)d(W,,r — W)

N
0

x® = xM +J
0

And we can glue both processes together to form the following
_ @ (2
X, =X, {o<t<T}+X,”, {T <t <2T}

By construction, this process solves the SDE B2 in t € [0, T], let us check that it also solves it in
te[T,2T]:

t—T

t—T
Xt=X§1)+f b(X(Z))derf o (X)) d(W,,r — Wy)
0

s s
0

T T t t
:X0+J b (xW) ds+f o (x) dWS+J b (Xs(i’T) ds+f a(Xs(i)T) dw,
0 0 T

T

t t
Xo +f b(X,)ds +f o(X)dw,.
0 0

Thus showing that the SDE is also satisfied (why is this change of variables justified?). By iterating
this procedure, we could construct a solution on [0,00). The uniqueness of the solution would follow

as global Lipschitz property implies the local Lipschitz property needed for the Uniqueness Theorem
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to hold. We now prove that there exists a solution on some interval [0, T]. The key is to consider

the following map F: for an adapted continuous process Y and an initial condition X, define

P =t [ et [ o) aw

The key of the proof is to find a Banach space 98 of adapted processes where this map F is actually

a contraction with respect to its norm. First we define the norm

IY[1*=E sup |Y[*

te[0,T]

where T is to be determined later. Consider 9 to be the vector space of continuous adapted processes
Y with || Y| <oco. It can be checked that this space is complete in a similar manner that it was shown
earlier in these notes that ./, is complete. Assume further (it can be shown that this assumption is
without loss by modifying the norm), that X, is square-integrable. Then we can now show that F is

a contraction. Using the general fact that (a + b)? <2(a? + b?), one has that
2
] (5.3)

2
+2E | sup
t€[0,T]

We now use Jensen's inequality combined with our Lipschitz assumption to see that

]\ (f‘é‘; f Ib(X,)— b(Y,)| ds)

<K°TE [ sup | X, — YSHZ]
t€[0,t]

[ ot oo

[ 006 by

IE(X)—F(Y)|l <2E [ sup

te[0,T]

f b(X,)— b(Y,)ds

E[sup

te[0,T]

We can obtain a similar bound for the second term in B3 by using Burkholder's inequality

E [ sup Mﬁ] < CE|[[M];]

te[0,T]

as well as the Lipschitz assumption to say that

2

[ 00 -amam

< CK’TE [ sup | X, — K|2]

te[0,T]

E[sup

te[0,T]

and so combining all this, we have that

I F(X) - F(Y)|| < (2T +2C)K°T || X — Y ||*
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hence we can choose T small enough so that this coefficient, call it ¢, is less than one and F is indeed
a contraction. By the Fixed Point Theorem, we have a unique solution to SDE b2 in the time interval
[0, T], provided that we can check that F actually maps 9 to 9. This is straightforward, because by a

simple application of the triangle inequality, we have that
IIE X< 1F(X) = F ()] + [IF(0)]]
the first term is at most ¢ || X || by the contraction property, and since
F(0),=X,+tb(0)+0o(0)W,

and the norm || - || is an integral over a finite time horizon, it is easy to see that F(0) has finite norm, and
so F(X) has also finite norm and is a bunch of integrals so it is indeed an adapted continuous process

that has finite norm so it belongs to 2.



84 CHAPTER 5. STOCHASTIC DIFFERENTIAL EQUATIONS
5.5 Relation to PDE’s and the Feynman-Kac formula

In this section we see an interesting application of SDE Theory that connects partial differential equations
to stochastic differential equations. We already know from Advanced Probability that the heat equation
Au =0 in a "good enough" domain with 62 boundary conditions is intimately related to the average
paths of Brownian motion on that domain. This formula can be seen as a more general version of this

statement. The connection is given by the following Theorem:

Theorem 5.5.1 (Feynman-Kac formula) Let v:R, x R" — R be ¥%?(R_;R") and satisfy the PDE

v a1 P
—=)b'—+-) a"’ iv.—cv (5.4)
— -

where a'l =3 aikgi*, je: all = (oa’),; and initial conditions v(0,x) = f(x), for some given

functions ¢ : R" — R and f:R" — R. Then for every finite time horizon T, one has that the process
(Mt)te[O,T] defined by

M, =exp{—Ltc(Xs)ds} v(T —t,X,)

is a local Martingale, where X, is the process defined by the SDE dX, = b(X,)dt + o(X,)dW,.
Furthermore, if v is bounded and ¢ is bounded from below, then

Proof. The argument boils down to using Ito's formula to show that M, is an integral of a continuous

v(T,X,) = E [exp{—foTc(Xs)ds}f(XT)

process against a local Martingale. For this we perform first integration by parts:

dM, = d(exp{—fot c(Xs)ds}> (T —t,X,) +exp{—f0t c(Xs)ds} d(v(T - t,X,))

+d [exp{—LtC(Xs)dS}’V(T_ I’Xt)]

Next, we have that

d(exp{—Ltc(Xs)ds}) = —exp{—fotc(Xs)ds} c(X,)dt

(Notice that we leave out the term with quadratic variation, because the quadratic variation of the

integral inside the exponential is of finite variation). On the other hand:

o,

le %
d(v(T —1,X,)) = —,dXt+§iZj:

XLX7, - =
axi&xid[ , X7, &tdt

oxi
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and one now sees, by using the fact that dX, = b(X,)dt + o (X,)dW, that

[x7, x7] :Lijo W"ZJO” dWl]
=;[Ja X,)dwr, Jaf’(xs)dwjl

t

where in the third equality we used Kunita-Watanabe, as well as the fact that W is a Brownian

Motion (Levy). Putting all of this nonsense together:

! S, 1 02 37
- — X E —pi _E 7
dM, exp{ Lc( S)ds}<i—1‘9xib +2i,jal] w7 cv)
' ik v k
+expq— | c(X;)ds Ea —dw
0 ik l

We observe that the first term of this sum incorporates precisely the PDE B4, and so we are left just
with the second term. In other words, M, really is a local Martingale. Now we use the hypothesis
that ¢ is bounded from below, meaning that the exponential is bounded, and then using that v is
bounded, we also get that the derivative term is bounded, and so we get that M is bounded. Indeed

remember that M is a Martingale over a finite time horizon, and

t t O
M[ —exp{f C<Xs)ds} ZO.II\<Xs):7U(T7t’X‘>dVV?/\
0 0

OX;

moreover we see that if f < ¢ is a bounded previsible function and say W is a Brownian Motion,

then the martingale Y defined by Y, = SO X,)dW, is indeed bounded on a fixed time Horizon, for

V= [

and so if the quadratic variation is at most c?¢, then |Y;| cannot be greater than c?t, and so for a

finite time horizon we are bounded . Now since (M, )c[o,r] is @ bounded local Martingale, it is indeed

a true Martingale (this was an easy application of DCT after choosing a localising sequence). Now
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by looking again at the definition of M,, and plugging in t =0, we see that

U(T,Xo) :MO
:E[MT‘go]

~[ew{- [ ctxyas} o

g

now we can use Tower law on both sides with respect to the sigma algebra o (X,) and we are done.

Q@

Let us take a minute to appreciate this result by putting into words what the
formula is saying (in one dimension for simplicity). Suppose that you have some physical system with
initial conditions v(0,x) = f(x), and it evolves according to the PDE

1% o 1 0?

—(x,t)=b(x,t)— + -0*(x, t)% —

o =3 V(x)v(x,t)

if we imagine v(x, t) to indicate, say the amount of "heat" at position x and time ¢, this is saying that
the "heat bump" (this is described by the initial condition) moves with a drift given by b(x,t), and
diffuses with a diffusivity given by o. Moreover, there is a potential V' that directly adds or removes
heat at some points. The Feynman-Kac equation tells us that one can understand the motion of
the heat blob as follows: suppose for simplicity that there is no potential, then Feynman-Kac says
that to understand the heat u(x, T) at time T and position x, one can "launch" many particles that
randomly move according to the appropriate SDE dX; = b(X,)dt + 0 (X,)dW;, and see what at what
temperature of the "initial heat blob" they are at time T, then one takes this average. If we included
the potentials, this says that now we must moreover discount the effect that the potential has had on

the path of the particle.



Chapter 6

Applications to Finance

6.1 Introduction

In this last chapter, we consider how the theory of stochastic integration and differential equations can
be used in application to financial Mathematics. In this section we will consider a Market with 1+ d
assets, where the first asset is a money market account, i.e: an account that accrues interest, and d "risky

assets".

Definition 6.1.1 (Market) A market with 1+ d assets is a filtered probability space (2, Z,{Z},, P)
with:

1. {Z,},>0 satisfying the usual conditions.

2. A risk-free asset, whose price is given by a semi-Martingale (B;),~, with dynamics
dBl» =S Bt rl» dt

where (7,),>¢ is the interest-rate, a previsible, locally d¢-integrable process.

3. d risky assets, with prices given by the d-dimensional continuous semi-Martingale (S}, -+, S%),~,.

We will make some simplifying assumptions about our Market to the

theory:
1. There are no transaction costs.
2. There is no bid-ask spread.

3. There is no price impact.

87
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The risk free asset should be interpreted as money that one deposits

in an interest-bearing bank account. The dynamics are easy to solve for, simply:
t
B, = Boexp{f rsds},BO > 0.
0

We now introduce a trader that holds:

i
t ) 1=0,1<i<d

These are assumed to be previsible processes, such that ¢ and 6 are B-integrable and S-integrable

= ¢ = (@)= shares of the money market asset, and 6 = (0 shares of asset i at time ¢.

respectively.

We can think of these processes as being under the control of the trader, (hence the previsibility). One of
the key requirements of the theory is that we do not want to allow for cases where the trader consumes

from their wealth on the market, nor deposits more wealth. This is the condition of self-financing.

Definition 6.1.4 (Self-financing) A 1+d dimensional process (¢, 8) is called a self-financing trading
strategy if it is precisible, (B, S)-integrable, and

d(¢;B, +6,-S;)=p,dB, + 0, - dS,

Naturally, the value V; of our portfolio
at time t is given by V; = ¢,B, + 0, -S;, no much controversy in that. If we wanted to see the
infinitesimal change in value of our portfolio, we could use Ito’s Lemma and obtain some extra terms
in the differential of V;, namely B,d(¢,)+S; - d(8;) plus quadratic covariation terms, which usually in
the usual models we will consider. Therefore, the extra terms we get, correspond to the infinitesimal
change of stock we hold, this would correspond to selling stock to consume from our wealth or injecting
wealth by means of adding more stock, the self-financing condition simply forbids that from happening.
Informally, the change of wealth comes solely from the change of price of the money market and the

change of price of the risky assets.

6.2 Construction of a self-financing strategy

As it turns out, if we are given an initial wealth x and a trading strategy 6, we can construct the process
@, i.e: we can find how much money we need to put into the money-market for the strategy to be
self-financing. Indeed, we start noting that by definition of the value of the portfolio, B,p, =V, —0,-S,.

Therefore the self-financing equation is equivalent to:

dVIZI‘[(Vt—QtSt)dl'—FthS[.
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The goal will be to use this equation to constrain a value of V, that makes the portfolio self-financing,
and then simply use the expression of ¢ in terms of B, V,0. Once again, we can rewrite the self-financing

equation equivalently as

t t t
d(exp{—J rsds}Vt) =—rexp{—f rsds}thtJrexp{—f rsds}(rt(Xt—Ot-St)dtJrHt-dSt)
0 0 0
t t
=0, <exp{—J rudu}dSt—rtexp{J rudu}Sdt)
0 . 0
—9t-d(exp{—f rudu}St)
0

where the first step is just an application of Ito’s formula and the fact that exp{—Sé T, du} is of finite
variation, (so that the quadratic covariation term dies), and then some minor manipulation on the second

step, and finally, integration by parts formula with again the finite variation observation.

In conclusion, this computation tells us that the discounted wealth is equal to a

stochastic integral of 0, against the discounted asset prices.

If V, is the value of our portfolio at time ¢, sometimes
we wish to talk about the discounted value, exp{—gé Ty du} V;. Discounting is a way of measuring
“how good the returns of the portfolio actually are", by adjusting for the fact that putting money in
the risk-free asset would have generated some growth either way. It we look at the raw value V, it
might seem that the portfolio is making money, but it could be partially due to overall growth in the

economy via the interest rate, thus discounting eliminates the effect of the risk-free growth.

With the above computation in mind, we can redefine the value of our portfolio V;, by removing from
our controls the amount of money we have in the money market, and having our initial wealth x and our

trading strategy 6 as the only controls to our wealth. In summary,

Proposition 6.2.3 A portfolio with initial wealth x and trading strategy 6 is self-financing if and

only if its value V;, can be expressed as V, = Vtx’g, where

/A :exp{f rudtu} <x+Lt95-d(exp{—Lt rudu}Ss>)
(5 +f0(5))
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As an immediate consequence, if we choose Vtx'e as above, setting

. th,g - 9[’ ‘ S[
P B,

gives that (¢, 0) is a self-financing trading strategy.

6.3 Arbitrage

Now we approach the following question: given a utility function u:R — R, and x € R, can we find
0* = argmaxy E[u(V;"%)] (6.1)

where T is some fixed time horizon? Some usual assumptions that we make on our utility function is that
it is increasing (you prefer more to less), and concave (you are risk averse). We will not actually try to solve
this question, but rather use it as motivation to talk about the importance of one of the main assumptions
of our theory, namely that there is indeed no free lunch. An example of such “free-lunch" strategies
would be a d-dimensional previsible process 7 such that for a fixed time horizon T, P[V;"" > 0] =1 and
P[VTO’” > 0] > 0. The key objection to allowing these kinds of strategies in our market is that 8* in B

does not exist. The key fact is that Vt"'e is sort of linear in 6. In particular,
V[x,01+02 — V[xﬂ] 4 ‘/to,eg
this comes from the shape we obtained for Vtx'@ in Proposition 223, so that if 8* existed and 7t is an

| (veem) > [ (7))

since V%™ > 0 with probability one and strictly greater than zero on some set of non-zero probability. The

arbitrage, then

conditions on 7 we gave above are related to the notion of arbitrage, and we want to rule these kind of
strategies out. However, let us illustrate an example of why we actually need some more conditions on

what we refer to as an arbitrage.

Consider a market where the interest rate r, is
identically zero and there is one risky asset, namely a Brownian motion. Then there exists a strategy
7, with in fact P[V," > 0] = 1.

Proof. This example will be so pathological that we can in fact make our gains arbitrarily big. Let
K = 0 (this will be our gains by time 7') and let f :[0,T] — [0,0] be a differentiable, strictly
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increasing function such that f(0) =0 and f(T) = +o0. Then define

z-| T Jps)aw,

observe that

and so in fact Z is a Brownian motion. From this we can define
T=inf{t >0:Z, =K} <w as

and now the idea is to let 0 = f~1(7) and define 7, = 1{t < o }+/f~1(t). Then we observe that
indeed this strategy is W-integrable, for

t
J mds < oo
0

T o
V; =J nsdwszf “1(s)dW;=Z,=K as
r= VS (s)

and moreover,

Morally speaking, what happened here is that we chose our
strategy 7 in a way that our portfolio value was a Brownian motion sped up to hit K by time T. The
problem in doing so, is that we are in fact allowing for times t < T where our portfolio has arbitrarily
large losses, but since we know that Brownian motion will eventually hit K with probability one, we
just wait the losses out. This will be the final detail that we want to rule out. In real life, this kind of
strategies would not be admissible, as we would be arbitrarily in the red for some time before reaching
our target payout, and unless you have an infinite bankroll, you probably won't be able to execute
this.

In light of this, we introduce the following definition:

Definition 6.3.3 (Admissibility) A trading strategy 6 is a-admissible if

P[V* >0]=1.

and now we are able to introduce the definition of arbitrage:
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Definition 6.3.4 (Arbitrage) An arbitrage is a 0-admissible trading strategy 7, such that there exists
some (non-random) time horizon T for which P[V,”" >0] =1 and P[V,>" > 0] > 0.

6.3.1 Constructing an arbitrage

Suppose that we have a d + 1 dimensional Market with prices:

dBt = rBt dt
dSt(l) _ St(l) (M(l) dt + 2221 O-ik dvvt(k)>

Where r,u, o are sufficiently integrable previsible processes and the W*'s are Brownian Motions. Under

what conditions can we hope to find an arbitrage in the Market? Note that by Ito’s Formula:

d(sV/B) = (S"/B) <( —r)df + zn:aidet(k)> ,

and recall that if ¢ = (¢(),---,9@) is our trading strategy, then the value of our portfolio, x>
supposing for simplicity that B, =1, is given by

Sele(3) o

n t d (i)
~S .
- ) _r)dt f ()= ik gy (k) 6.3
S [olS a3 [ S0 otraw (63)
:Jo Y- (n— rl)dl‘JrJO aTlp-dWS (6.4)

the last equation is just putting it into matrix form, and we have set qbsi) = S?;zpﬁ” for process . This

s

means that if we can manage to find a process 3 such that

c’y=0 and Y -(u—r1)>0, (6.5)

then we have found arbitrage.

Suppose a three asset market has the dynamics

dB, = 2B, dt,
ds = 3dt + dw, M —2dw,®
ds®® = 5dr —2dw, " + adw,®
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(D) 0

) satisfies b3, and so by trading the

then we have that

thus in light of the previous discussion, we see that ¢ =

o.= (%5
s= 50 3@

R
[\

1
strategy

we have indeed a free lunch.

6.4 The Fundamental Theorem of Asset Pricing

Our next step is to study some mathematical condition that rules out the existence of arbitrage. For this
we introduce the following definition

Definition 6.4.1 (Equivalent Local Martingale Measure) Let P be the "real world" probability mea-

sure, i.e: the probability measure of our market. We say that Q is an equivalent local Martingale
measure (ELMM)), if:

1. Q is equivalent to P,

2. the discounted asset prices S'/B form a Q-local Martingale.
We will now see that the existence of an ELMM rules out any arbitrage opportunities. An informal
interpretation of this is that if under Q the discounted asset prices form a Martingale, then they are a
“fair game", and so it is impossible to make money out of them under the probability measure Q. But

since equivalence of measures preserves the "impossibility of statements”, it will turn out that arbitrages

will also not be possible under the real world probability measure. Let us now introduce (a version of)

Theorem 6.4.2 (The Fundamental Theorem of Asset Pricing) Suppose that in our market there
exists an ELMM. Then the market is arbitrage-free.

Proof. Let 6 be a 0-admissible trading strategy. Then under this strategy, we have that our wealth

equation reads
! S
Vt"ﬁthJ Qu-d(—”>.
0 Bu

Then if Q is an ELMM, we have that Vj:f is a Q-local Martingale. However, since 6 is admissible,

we have that Vto"’ >0 P, and hence Q-almost surely, and since non-negative local Martingales are
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super Martingales (Homework sheet 1), we have that Vto,e is a Q super Martingale. Therefore,
Eo[V* /B, 1< V,>?/B,=0.

Therefore we have that Vto,e =0 Q-almost surely, and so also P-almost surely. Hence no arbitrage is

possible. V
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6.5 Contingent Claim Pricing

In this last section we will discuss the topic of contingent claims and their pricing. The setup is as follows,
we have a market with d + 1 assets, (B,S), and we want to market a new asset whose payout & at some

maturity, depends (is contingent) on the price of the underlying assets.

The canonical example of a contingent claim is the European
call option. Suppose we are in a market with only one asset, namely the risky asset S. A European
call option is the right but not the obligation to buy a stock of the asset for a predetermined price K
at a future date T.

The big question is: how much should | charge someone to sell them this option? In order to tackle this
question, we first need to observe that the payout of our European option is precisely (K —Sy)*. Let us

briefly give a definition to clarify what we mean by European:

Definition 6.5.2 A European claim is specified by an expiration date T > 0 and an Z; random
variable &, that specifies the payout of the claim at expiration. A European call is called vanilla if it

is a function of the underlying assets, i.e, if
E=f(Sp87)

We would now like to augment our market to include a new asset, whose price (£,);>o represents the

price of our European claim at time t.

If our original market admits an ELMM Q, there is a natural way to price this asset,

we simply want £/B, to be a Q-local Martingale, so we can set

gl‘:|?

and now it follows that this augmented market has no arbitrage either. This is actually the “correct"

gt :BtEQ [%

way to price the option: even though we will not provide a formal proof, intuitively, this price will
be the one required replicate the payout of the option using a portfolio of the stock and the money
market. Indeed, suppose that the cost of the replicating portfolio was any lower, then | could buy the
portfolio, sell the option, and replicate it and get a free lunch, which is forbidden by the fact that we
have constructed this augmented market to be arbitrage-free. However it might not seem immediately

clear how to actually calculate this quantity. This is what we do in the next section
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6.5.1 The Black-Scholes formula

With the introduction of contingent claims out of the way, we can now talk about the famous Black-Scholes

formula, which gives an explicit way of pricing European call options.

Setup of the model

Definition 6.5.4 (Black-Scholes model) Our setup is now in a d =1 dimensional market, where our

risk-free asset has the dynamics
dB, = rB,dt

and our risky asset S has dynamics
dS =S (udt +od;)

where o > 0 and u are constants and W is Brownian motion. All of the processes above are defined

only in the finite time horizon [0, T| for some T > 0.

We will now compute explicitly the price at time ¢, £, according to the no-arbitrage principle of a contingent
claim that pays g(Sr) at time . Of course the first step is to show that this market is arbitrage free. As
it turns out, we can actually compute an equivalent local Martingale measure by using Novikov's criterion
and Girsanov's Theorem. Let us present how one finds this measure, perhaps in a slightly backwards but

more illustrative way:

Step 1: identify the drift

We want to find a measure Q, under which S/B is indeed a Q-local Martingale. Note that by Ito's

S 1 o?
d(E) :d(goexp{(u—?—r) dt+adm}>
S o? o?
=E<(H—?—F) dt+0’dm+?dt>

:%((H_r)dt+adm). (6.6)

formula:

A way of verifying that this is indeed a local Martingale under Q, would be to set for example

u—r
o

W, = r+ W, (6.7)

i.e: a Brownian motion with drift. If we can find a measure Q for which W, is indeed a Brownian motion,

we would rewrite B8 as %0' dW,, which would turn S/B into a Q-local Martingale.
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Step 2: Using Girsanov’s Theorem

Girsanov's Theorem states that under certain conditions, if W is a P-Brownian motion, and (a;); is such
that & (fa,dW;) is a Ul Martingale, then W, = W, — §, a,ds is a Q-Brownian Motion under a suitable
measure Q. Looking at B4 we notice that the appropriate choice of a; is to set

u—r

a,=— ,
o

and since E exp (SOT o ds) < o, Novikov's condition tells that in fact &(§a,dW;) is a Ul Martingale, and
so we have our desired measure Q for which W, = =Lt + W, is a Q-Brownian motion. Therefore we have
an equivalent local Martingale measure and so the model defined in B54 is arbitrage free. Naturally, one

may now rewrite the market dynamics as
ds, =S, (rdt +od;),

or alternatively solve for S;:
o? _
Stzsoexp{<r—?>t+0W,} (6.8)

Step 3: Price the contingent claim

As mentioned in Remark b3, a way to price new assets at time ¢ < T is given by

&:t/Bt:EQ [%

T

gt:|’

this way we immediately have that £/B is a Q-local Martingale, and since Q was so that the risky asset
divided by the bank account was also a Q-local Martingale, we would then have that the entire market
(B,S,&) is arbitrage-free. Naturally, if what we are trying to price is a contingent claim with payout g(S;)
at time T, £, should be g(S;) and so from this we get that

g =e""Eq[g(Sr) 7] (6.9)
=e "I"VE, lg (st exp{ (r — %2> (T—t)+o (W, - W) }) ‘3/}] (6.10)
_ o r(T-D) Lg (st exp{ (r — %2> (T—t)+0 (VT —tz) }) ¢(z)dz (6.11)

where in this last step we have used the independence Lemma, and ¢ (z) is the density of a standard

Gaussian. Thus if s is the price of the stock at time t, the price of the option will be the function

v(s, t) = e_r(T_‘)J

R

g(sexp{(r—%2> (T—r)+a(\/ﬁz)})¢(z)dz (6.12)
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Replicating the payoff

We end these notes with the following result, which tells us how one may produce a trading strategy whose

payout at time T is the exact same as that of the contingent claim, i.e: g(Sr).



Appendix A

Measure Theory

Here is some Measure Theory that is used throughout this document. All of it is seen already in previous

courses.

A.1 Big Theorems

Theorem A.1.1 (Monotone Class Theorem for functions) Let .«/ be a 7-system that contains  and

let A be a collection of functions 2 — R with the following properties:
= For all Ae .o/, we have that 1(A) e 2.
» If f and g are both functions in , then f + ge 7.

= If {f,} is a sequence of measurable functions in 5 whose monotone increasing pointwise limit
is some bounded function f, then f e #

Then £ contains all bo(.«/) functions.

A.2 Uniform Integrability

Definition A.2.1 (Uniform Integrability) A family y of Random Variables is said to be Uniformly

Integrable if any of the two equivalent characterisations holds:
= supy., E[|X|1(|X][> k)] -0 as k — co.

= x is £' bounded and supy., sup,.pjaj<s E[|X1,4|] >0 as 6 —0.

99
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Theorem A.2.2 (Bounded Convergence Theorem) If (X,,) is a uniformly bounded family of random
variables, i.e: |X,| < C for all n, then if X, — X in probability, we also have that X, — X in £

Theorem A.2.3 (Vitali's Theorem) Let (X,,) be a family of Random Variables. The following are

equivalent:
» X, — X in Probability and (X,,) is Uniformly Integrable.

» X, > X in 2

Proof of the direct part: We want to show that E[|X, — X|] — 0 as n — o0. And we have the

following:

= Since Ul families are in particular £! bounded, its easy to check that E[|X]|] < oo by using
Fatou's Lemma and the fact that if we have X,, — X in probability there is a subsequence along
which we have convergence almost surely. From this, it follows that there exists some K; large
enough so that E[|X|1y~k,] < €/3, since a single integrable random variable is also uniformly

integrable.

= By definition of (X,,) being Ul, there exists some K, large enough so that sup, E[|X,|1(|X,| >
K,)] <e€/3.

Finally, we define XX and X* as (X, v —K) A K and (X v —K) A K respectively. Then we have that
E|X,-X|<E|X'-X"|+E|X-X"|+E|X,— X}

Note that |X — XX| < |X|1(|X| = K) (you may wish to draw a diagram) and by the bounded
convergence theorem for any K, there is some 7 large enough, so that we have that E| XX —X*| < €/3.
Now just choose K := K; v K, and choose the corresponding n and so E|X, — X| <€/3+¢€/3+¢€/3.
@

Theorem A.2.4 (Ul Property of Conditional Expectation) Let X be an integrable random variable on
(Q,7,P) and let ¢ be a collection of sub-sigma-algebras of Z. Then the family of random variables

(E[X | #): # %)

is Ul
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Proof. The key idea is that for any Y = E[X | ] in the described family, we can use the Tower
Property and see that

_ElY| E[E[X|7]] _E[E[|X]||]] E[X]]

Now, we simply have that
E|Y|1(]Y|>K)<E|X|1(Y > K) (A.1)
<EX|IN(Y>K,X<r+E|X|I(Y>K,X>r) (A.2)
<rP[Y>K|+E|X|[1(X>T) (A.3)

Where in step (A.1) we have used Jensen's Inequality and the Tower Property, and in step (A.3) we
have used the fact that 1(An B) < 1(A). Now one takes K — o0, and then r — oo and use the
fact that a single integrable random variable is itself a Ul family. Note of course that (A.3) does not

depend on Y, from here we determine that

supE|Y|1(]Y|>K)—0
b3

as K — owo. VY
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Appendix B

Probability

B.1 Stopping

Definition B.1.1 (Stopped o-algebra) Let T be a stopping time for a filtration (Z;), the stopped
sigma algebra: Z; is defined as the set of events that can be seen before T rings:

Fr={AeF:An{T<t}eZ;}

Theorem B.1.2 (Optional Stopping Theorem for Continuous Martingales) Let X be a continuous
time Martingale, S and T be bounded stopping times, then

E[XT | 98] = Xras
In fact Martingales, are the class of adapted processes that satisfy the Optional Stopping Theorem:

Theorem B.1.3 (Converse to the Optional Stopping Theorem) Let X be a cadlag adapted process,
if for any bounded stopping time T we have that E[X;| = E[X,], then X is a Martingale.

Proof. Let 0 < s < t, and Ae Z, our goal is to show that E[1,(X, — X,)] =0. For this, construct
the stopping time T =s1,+t1,.. By hypothesis, we have that

E[Xo|=E[Xr]=E[X;1,+X, 1, ] = E[X, + (X, — X,) 1,]

This holds for any A€ Z,, so firstly, in particular choose A =@, this shows that E[X,] = E[X,] so

we may subtract that from both sides of the equation, and then we are left with our goal. @
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