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1. ABSTRACT

Consider the following problem: a radioactive source is stored inside a containment
cage that absorbs radiation with a wvery high probability, so that the probability of a
radioactive particle escaping the cage is of order 1071°. Suppose we wish to simulate a
typical trajectory of a radioactive particle conditioned on exiting the cage, e.g: to un-
derstand where radiation escapes the cage. If we approach this naively—by simulating
many particles and retaining only those that escape—then on average we would need to
simulate on the order of 10'Y particles to obtain a single “successful” trajectory. This
leads to estimators with prohibitively large variance and computational cost.

In this report, we study a general class of problems of this type, where the goal is to
estimate properties of Markov processes conditioned on rare events, and we investigate
algorithms designed to overcome this difficulty. We survey two well-established methods:
the Multilevel Splitting algorithm and its adaptive variant. We also study the Weight
Windows (WW) algorithm, a method widely used in nuclear engineering but which still
lacks a thorough mathematical analysis. We prove unbiasedness of the WW estimator,
derive an explicit expression for its variance, and establish a connection between the
WW algorithm and the Doob transform of a Markov process.

Statement of authorship: The contents of Sections 2 and 3 follow mostly the
discussions of [3] and Chapters 7 and 9 of [4]. The contents of Section 4 consist pri-
marily of original work of the author, carried out under the supervision of Alex Cox
and with valuable input and discussions with Julian Hofstadler. All diagrams have been
created using the tikzed package or with Python. Generative Al (ChatGPT-5, OpenAl,
https://chatgpt.com ) has been used to aid in the production of the Python-created
diagrams, as well as for grammatical and spelling checks.
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NOTATION
For a process Xy, X1, X2, -+, we write Xo.7 to refer to the vector (Xg, -+, Xrp).
Likewise, if Ag,--- , A7 is a collection of sets, we denote their Cartesian product

A0X~~-XAT bon;T.
We often write measures in integral form. For example, when working with a
probability kernel M : Ey x B(E3) — [0, 1], we often write expressions like

v(dy) = M(z,dy),
as shorthand to indicate that the measure v on (E2, B(F2)) is defined as

/Mmdy A € B(E»)

N, Z,R: the natural numbers (i.e: {1,2,---}), the integers and the real numbers
respectlvely

For a measurable space (E,&), we write P(E) for the set of all probability
measures on (E, ).

For a measurable space (E, ), we write By(F) as the set of measurable bounded
functions on E.

e N;: number of particles alive at time ¢.
e For a measurable set A, we write H 4 for the hitting time of A.
e We say that f(n) < g(n) for two quantities that depend on some n if there are

constants ¢ < C independent of n such that

cf(n) < g(n) < Cy(n).
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2. INTRODUCTION

2.1. Setup. Consider a discrete-time Strong Markov process X = (X,,)n>0 taking val-
ues in a measurable state space (E, ) that contains a cemetery state 0. Suppose that
A € £ is a measurable set, which we may refer to as a target set. Write H4 for the
hitting time of A, assume that H4 < oo almost surely, and let 7 be any other almost
surely finite stopping time. This stopping time 7 may be interpreted as a random death
event, at which point X irreversibly takes the cemetery state 9. Examples of 7 include
the hitting time of some other set B, or an arrival time from a Poisson process.

If we define T' = Ha A 7, then throughout this report we are concerned with the
objects

21 {Pm(XT € A)

L{Xn}n<r [{X7 € A})

That is, we are interested in the probability that, starting from some point x, the pro-
cess reaches the target set A before the random death event, as well as the law of the
trajectories of the Markov process conditioned on reaching A before this event. Exam-
ples of this setup include a simple symmetric random walk reaching some large positive
value before becoming negative, or planar Brownian motion exiting a large ball before
returning to a neighbourhood of its starting position.

We are particularly interested in cases where the probability p = P(Xp € A) is
very small, say of order 10719, since in such situations naive Monte Carlo schemes fail.

Indeed, if we simulate N i.i.d. trajectories (X’ :n < T) for i = 1,--- , N and consider
the naive estimator
L N
AL i
(2.2) p= Zl 1{X% € A},
1=
then a straightforward calculation shows that Estimator 2.2 has relative variance
Var(p) _1-p
p? Np

In particular, to keep the relative variance stable as p \, 0, we require N < p~!, which
quickly becomes computationally infeasible in many applications.

2.2. Structure of Report. In this report, we explore several so-called variance reduc-
tion algorithms, that is, techniques for estimating 2.1 that yield a lower variance than
that obtained using Estimator 2.2. In Sections 3 and 3.5 we review two well-studied al-
gorithms: the Multilevel Splitting algorithm as well as its adaptive version, and discuss
some of the theoretical justifications behind these algorithms.

In Section 4 we study the so-called Weight Windows algorithm. We state and prove
several results concerning the algorithm. To the best of our knowledge, these results
do not explicitly appear in the mathematical literature, at least not in the probabilistic
language adopted in this report. Certain properties of the Weight Windows algorithm,
such as unbiasedness, are well known and widely used in the applied and engineering
communities; however, they are often presented heuristically rather than proved in a
fully rigorous probabilistic framework. One of the aims of this report is therefore to
provide a precise formulation and proof of these properties.
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2.3. Importance Sampling vs Importance Splitting. When addressing the rare
event problem at hand, one may employ a variety of techniques or algorithms. A par-
ticularly relevant class of approaches is given by importance-based methods, which can
broadly be classified into two main categories: Importance Sampling and Impor-
tance Splitting. The idea behind the former is as follows. Suppose that the dynamics
of our Markov process are governed by a probability measure P, under which the event
of interest is rare. One may seek a judiciously chosen probability measure Q, absolutely
continuous with respect to P, under which the event of interest is less rare. One can
then sample directly N i.i.d. trajectories X1, -+, Xy from Q instead of P, and estimate
quantities of interest via

N AP
¥ 2K 5G (X0,
=1

where % denotes the Radon—Nikodym derivative, and is often referred to as the likeli-
hood factor. This estimator is clearly unbiased, and it is straightforward to verify (see
for example [5, Proposition 5.6]) that variance reduction is achieved whenever samples
drawn from Q are more likely to lie in regions where |f| is large.

The algorithms studied in this report are not of this type, but instead belong to
the family of Importance Splitting methods. The general philosophy underlying
these methods is the following: trajectories are sampled from the original distribution,
and rather than specifying an alternative sampling measure, one introduces a so-called
importance function u : £ — (0,00), which quantifies, in some heuristic sense, “how
close” a state is to the rare event of interest. The core idea of splitting algorithms is
then to split trajectories that enter regions of high importance, thereby obtaining better
coverage of those regions, while cleverly eliminating trajectories that are unlikely to
contribute significantly to the quantity being estimated. The first algorithm of this kind
that we survey in this report is Multilevel Splitting.

4

S —

FIGURE 1. Tllustration of Multilevel Splitting (Algorithm 1) : the algo-
rithm is initialised with two particles, one of which is killed, and one of
which reaches the next level. The surviving particle is split into three
new particles, one of which is killed before reaching the final level.
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3. MULTILEVEL SPLITTING
We base the following discussion from the review paper [3].

3.1. Setup and definition of the Algorithm. Multilevel Splitting is, in some sense,
the most “elementary” class of splitting algorithms one can consider. The idea is as
follows: given an importance function v : £ — (0,00), we partition the state space F
into a decreasing sequence of sets Lo D L1 D --- D Ly, defined by

Li={x € E:u(x)>{},

where £y < {1 < --- < £, are user-specified levels. We assume that trajectories start in
the set Lo \ L1, and that the set L, coincides with the target set A. Recall from the
general setup of the Report (see Subsection 2.1) that we are interested in trajectories
conditioned on the event {H4 < 7}, where 7 denotes a terminating time. For clarity of
exposition, we shall assume that 7 takes the form 7 = Hp for some killing set B.

Once these objects have been specified, the algorithm is as follows (see Figure 1 for
an illustration):

Algorithm 1 (General Multilevel Splitting).

1: Initialise X&, e ,Xév O particles from an initial distribution pug.
2: for j=1,---,ndo
33 fori=1,---,N;_1 do
Run trajectory ¢ until next level L; or final time 7.
end for
Discard trajectories that did not reach L;.
Clone trajectories that did, and denote by N; the number of resulting trajec-
tories.
8: end for

The object of interest produced by this algorithm is the collection of final trajectories
<X["0:HAAT]> fori=1,---,N,, that is, the trajectories of particles that survive until the
final level.

Notice that we have kept Line 7 deliberately vague in the definition of Algorithm 1,
since there are several possible mechanisms by which one could clone the trajectories.
Different cloning mechanisms give rise to different estimators.

Example 3.1 (Fixed splitting). As an example of a cloning mechanism, in Line 7 we
could specify: clone each surviving particle into r; copies, for some “splitting factor” r;
depending on the level. In this fixed scheme, each particle that reaches level £; produces
r; offspring. Since each of the resulting particles carries a fraction 1/r; of the weight
of its parent particle after crossing the j'™ level, a particle at the final level will carry a

weight of Ny L. (H?zl 'rj_1>. It is then natural to consider estimators of the form

n N,
1 1 ~ .
j=1 =1

to estimate E[f (Xg,ar) | Ha < 7).

The version of Algorithm 1 presented in Example 3.1 is, however, somewhat naive.
Poorly chosen splitting ratios may render the algorithm impractical. If the splitting
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ratios are too small relative to the probability of a trajectory crossing from one level to
the next, then too few particles will reach higher levels, leading to a situation similar to
naive Monte Carlo. On the other hand, if the splitting ratios are too large, the number
of particles grows rapidly, resulting in a high computational cost. For this reason, we
will not consider this variant further. Instead, we will discuss the variant of Algorithm
1 which the authors of [3] refer to as the Sequential Monte Carlo (SMC) variant. This
name is given due to the similarity between the cloning step of this variant of the
algorithm, and the resampling step in traditional SMC.

Algorithm 2 (SMC Variant of Algorithm 1).
1: Initialise Xol7 e ,Xév particles from an initial distribution ug.
2: for j=1,--- ,ndo
33 fori=1,---,N;_; do

4: Run trajectory ¢ until next level L; or final time .

5: end for

6:  Discard trajectories that did not reach L;.

7. for each discarded trajectory ¢ do

8: Choose a surviving trajectory uniformly at random, and replace trajectory
1 by it.

9: end for

10: end for

Remark 3.2. An immediate observation from this variant of the algorithm is that the
number of particles remains constant and equal to V.

In a similar spirit to Estimator 3.1, the Estimators for this variant of the algorithm will
be

n N

R N 1 i
(3.2) p=1{]] W] X 3 > UHXj e € A}
j=1 i=1
| N
(3.3) n(f) =« z; OXyy s

for the probability of the rare event and the law of the particles conditioned on the
rare event respectively. In the remaining of this section we will provide the theoretical
justification behind this algorithm, however, in the interest of brevity, we will not give
the full technical details at each step.

3.2. A Feynman-Kac interpretation of Multilevel Splitting. The analysis of Al-
gorithm 2 boils down to noticing that the particle system it builds can be seen as a
McKean interpretation of a Feynman-Kac model, and then applying the extensive the-
ory from [4]. In this section we show this connection and then state the main results
from Feynman-Kac models that enable the study of the algorithm (see [5, Section 2.2]
for a quick refresher on some basic concepts).

Recall that we work with a nested sequence of level sets Lo D L1 D --- D L, = A.
Let us define the sequence of stopping times (77,),>0 by

T, =inf{t: X, € L, U B},



VARIANCE REDUCTION METHODS FOR MONTE CARLO SIMULATION 7

Ly

4

F1GURE 2. Mlustration of Algorithm 2: the algorithm is started with 3
particles, one of which (red) is unsuccessful in reaching ¢;. This unsuc-
cessful particle chooses one of the surviving particles and its trajectory
is cloned.

that is to say, T}, is the first time we reach the n'® level set or the killing set. We may
now define the process Y, given by Y,, = X7, that is to say, we re-index X by the
times it enters successive levels or it is killed.

Reaching the target set A is equivalent to having crossed each intermediate level By,
and so a natural way of checking if B has been crossed is by considering the potentials

Gr(z) = 1z € Ly,}.

From this it follows that if we let (v, )n>0 and (9 )n>0 be the prediction and updated un-
normalised FK-measures associated to the process (Y)r<, and the potentials (Gk)g<n,
then

n(f) = E[f(Xunms)1H{Ha < Hp}],

which is precisely the class of expectations we are interested in computing. Simi-
larly, we may define 7,(f) := Y (f)/¥(1) (resp. 17,), as the prediction (resp. up-
dated) normalised FK-measures. Naturally, 7, = L(Xg amy|Ha < Hp), and similarly,
An(l) = P(Ha < Hp). The question then becomes, how do we approximate these
measures with particle systems?

A useful result to remember (see [5, Proposition 2.5]) is that the measures (7j,)n>0
satisfy a recursion

(34) 7¢]n+1 = wn+1(ﬁnMn+1)a
1

Gr(p)
over, from [5, Proposition 2.12], we know that 1), (1) may be written as 7S, ,, where

Sh.,y is the non-linear transition kernel

Snp(@,dy) = Gn(2)d15)(dy) + (1 — Gn(x))thn(n)(dy).

This transition has a simple interpretation: with probability G, (x) you remain at po-
sition x, and otherwise your position is resampled according to the measure v, (n). As
such, we can understand the evolution shown in Equation (3.4) in a simple two-step
process:

where 1, is an operator on measures defined by ¥ (u)(dx) == Gr(z)u(dz). More-

~ mutation selection ~
(3.5) M — 7 N+l — 7 Tntl
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Diagram 3.5 gives a natural way to approximate with particles the measures (7). In-
deed, suppose at some time n, we have a particle approximation 7Y of %, given by

N
. 1 i
N =5 S I,
i=1
We then perform the two step process:

(1) Mutation: for each of the N particles at time n, sample a particle Y’ b1~

A .

My+1(Y},-). In our case, this corresponds to evolving a particle that is currently
at Y, until it reaches level L,,; 1 or the set B. The resulting position is then Y’ Y1

(2) Selection: Once we have mutated each of the particles at time n, we perform
a selection step, namely: with probability Gp11(Y,,, ) the particle at Y, ; will
remain in its position, and with probability 1 —Gy41(Y,;, ), it will be resampled
according to ¢n41(n2, ), where

N
(36) () = 5 D F(Vis).
=1

If we go back to our specific case where Gy(x) = 1{x € Lj}, we notice that this
reduces to: if Y, ; has reached level L, 1, it remains at its current position,
otherwise, it is resampled from

(3.7)

N 1 Y

1
U1 (1) (d) = — = > Gu1(2)dy: (dz) = dy(dx),
Zf\; Gon (Vi) N ; e #Int1 yelznﬂ ’

where I,,+1 denotes the particles that have reached level L, 41 successfully.

At this point we can see the clear correspondence between Algorithm 2 and this Feynman-
Kac formulation. Indeed: Equation (3.7) says that to sample from ¢,41(n2, ;)(dz) one
simply samples a surviving particle uniformly at random, which is the same action taken
by Algorithm 2 in its resampling step. An important observation however, is that this
Algorithm is only well-defined up to the following stopping time:

N o=inf{t: Y} e B forall i=1,---,N},

that is to say, the first time at which all particles are killed. Indeed, if all particles fail
to reach a given level, then one cannot perform the resampling step. We refer to this
stopping time as the extinction time. As has been explained, we will use 7Y (f) as
an estimate for 7,(f). The particle model can also be used to give estimates to the
remaining quantities of interest, i.e: 7, (f), Y (f), and 4, (f). The best way to introduce
these estimates is by noticing that from the definition of Feynman-Kac measures, we

have
(G~ (G (1)
’Yn—l(l) ’Yn—l(l)
and so Yn(1) = Yp—1(1)nn—1(Gr), and a quick calculation with our specific choice of
potentials shows

(1) = H Mp—-1(Gp)-
p=1

As a result, our particle approximation to -, (1), which we write as ;¥ (1), is given by

AN (1) = [T, n) 1 (Gyp) [15—1 #Ip, where recall, #I, is the number of particles

:m
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that reached level p, and 1) is defined as in (3.6). Finally, recalling that 4,(f) =
(- Gn) =m0 (f - Gr), we write

(3.8) A1) =N W0 (Gn)
(LT I Ly Yie A
(3.9) = anr:[l#p ~N;1{ne }

And Equation (3.9) will be our estimator for P(H4 < Hp), which coincides with the
estimator we claimed hinted in (3.2).

3.3. Theoretical results of Algorithm 2. In this section we detail some of the theo-
retical results regarding Algorithm 2. In particular, we will discuss the unbiasedness of
estimators v/ (f) as well as a Central Limit Theorem.

The first result of interest is regarding the extinction time 7%. Should all particles
fail to reach some level Lj so that the population goes extinct before reaching the final
level, we would estimate P(H4 < Hp) to be zero, like we would do in the naive Monte
Carlo case. Fortunately, the probability of this occuring decays exponentially quickly
in the population size. In particular, we have the following result ([4, Theorem 7.4.1]),
whose proof we ommit.

Theorem 3.3 (Extinction time). For n > 0 and N > 1, there are constants
a(n),b(n) > 0 such that:

P(r" < n) < a(n) exp(—N/b(n))

Now we turn to unbiasedness, that is to say, we want to show E[yY(f)1{r > n}] =
Yn(f). The key idea will be to show that the following quantity:

T (TN >0} = (f),
is the terminal value of a Martingale zero initial expectation. We provide the proof in
order to provide a parallelism with a later proof in Section 4 which follows almost the
exact same structure. Let’s quickly recall the definition of the semigroup ). Given the
Feynman-Kac model associated to the potentials G and transitions M, we define

Qn(xnfla dl’n) = anl(xn)Mn(l'nfly dxn)7

so that v, = 7,—1Qn. Then we denote Qpr = Qp+1- -+ Qn. The result is as follows ([4,
Proposition 7.4.1])

Proposition 3.4 (Martingale Decomposition). Fix some n € N. Then for a test
function f, the process (I'Y (f))i<n defined by

Fév(f) = ’VtN (Qunf) I{TN >t} = (Qtnf),
is a Martingale with respect to the filtration (Fs), where Fs is the sigma algebra
generated by all particles up to time s.

Proof. The key observation is that

(3.10)

WO 2t = %) =D AN (QuuH LY = s} — AV 1 (Quor e LN > 5 — 1}

s=0
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provided we make take the convention v, (Q_1,tf) = v(f). Next, we notice that by
the particle system definitions, we have

(3.11) Y (Qup TN = s} =7 (TN > s} (Qs.tf)
and similarly,

(312) A Qe HHTY 25 = 13 =98 (MY > 5 = Tl 1 (Gao1 Ma(Qs )
Now we notice the following facts:

(1) 1=1{nY(Gs-1) = 0} + 1{n,(Gs-1) > O}.

(2) ns{\il(Gs—lMs(Qs,tf))l{Tlé\i1(Gs—l) =0} =0.
Combining Facts (1) and (2) into Equation (3.12) gives
(3.13)
Yot (DT > 5 = 1301 (Gt M(Qs i f))
(3.14)
=7 (WY > s = B0y (Gomn My Qs ) ({01 (Gosmr) = 0} + {111 (Gs—1) > 0})
(3.15)
= 7MUY > s = Bl (Goo 1 Mo(Qs e ) 1{n 1 (Gs-1) > 0}
(3.16)
= (Y = sInl ) (Gsm1Ms(Qs )

where the last equality is due to the fact that {7V > s} = {7V > s—1}n{n} ,(Gs_1) >
0}. Indeed, this last event means that there were some particles that reached level s —1,
and so extinction can occur at least at level s.

Notice now that

N
s CoaM(Qua) = - (@ulQua) = Y (45, 3 M,

Combining this with Equation (3.16) and Equation (3.11) into the decomposition of
Equation (3.10) with the choice of function being Q. f gives:

t

(317) TN = Y WY = qt (0 Q) — b Ky (Qunf))

q=0
where K, v~ = S .~ M,. Finally, it is easy to verify that 1{r"V > ¢} is F,_1-

n’”nfl nmn—l
measurable, and from the construction of the particle system, it is also easy to verify

that E[Tlév (Qqnf) | Fg—1] = néVfqu,né[l (Qanf)- O

3.4. Central Limit Theorem. Thanks to the connection between Algorithm 2 and
the framework of Feynman-Kac measures, we can also provide a Central Limit Theorem
for the estimators constructed from Algorithm 2. The central result is [4, Proposition
9.4.1], in which a general Central Limit Theorem is proved for particle approximations
of the models (1,)n>0 satisfying a recursion of the type 7, = np—1Kpny, ,. However,
when using the specific shape of Algorithm 2, the CLT becomes as follows [3, Theorem
3.1]
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Theorem 3.5 (Central Limit Theorem). Let 4.¥ (1), as before, denote the estimator
of the rare event probability in Algorithm 2, and let 77V be the extinction time. Then

1{r > n}VN (3 (1) = P(Ha < Hp)) = N(0,0?),

where
n—1 L 1

(3.18) o = ZHj(P?_l —Pi)vafﬁj (a") +p° Z (0 - 1) ’
j=1 g=1 >

and where 6; denotes the probability of reaching level j given that level j — 1 has
been reached, p; is the probability of reaching level j, and ¢*(z) = P,(Ha < Hp).

Remark 3.6 (On the choice of importance function). With expression (3.18) in mind,
we may ask what constitutes an optimal choice of importance function w for defining
the levels L; = {x : u(x) > ¢;}.

Without loss of generality, we may assume that £,, = 1. If we choose u(z) = P, (H4 <
Hp), then, by definition, 7; corresponds to the distribution of particles that have just
reached level j before being killed. Moreover, since level L; consists of points for which
particles have probability at least £; of success, it follows that Vars. (¢*) = 0. In this
case, the variance reduces to

Lo/
j=1 >

Of course, this choice of optimal importance function u(x) is only of theoretical interest,
since if u(z) were known explicitly, there would be no need to solve the rare event
problem.

3.5. Adaptive Multilevel Splitting. To conclude the chapter on Multilevel Splitting,
we briefly describe the adaptive variant of Algorithm 2. By adaptive, we mean that the
choice of levels 1 < fy < --- < £, is not fixed in advance by the user, but is instead
determined dynamically as the algorithm evolves.

To define this algorithm, we assume that the target set A is given by A = {z : u(x) >
1}, and that the Markov process (X;):>0 evolves in continuous time with continuous
trajectories. Define the entrance times H; := inf{s : u(Xs) > t}, so that we are
interested in estimating P,(H; < Hp), where B is the killing set.

In informal terms, the algorithm proceeds as follows. First, simulate all particles until
they either reach the set A or are killed upon hitting the set B. Among all particles,
identify the one whose maximal u-value is the smallest, and set ¢ equal to this value.
From the perspective of Algorithm 2, all other particles have successfully crossed level /7.
The unsuccessful particle is then resampled uniformly from the successful trajectories
up to level ¢1, and the procedure is repeated; see Figure 3. We state the algorithm
formally below
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FiGure 3. AMS Algorithm

Algorithm 3 (AMS). Adaptive Multilevel Splitting is given by the following algo-

rithm:

Require: A Strong Markov Process (X;);>0, importance function «, an initial dis-

tribution pg.

1: Initialise by sampling Xé’o s po fori=1,---  N.
2: Simulate trajectories {XZ’O < Hi’o A HBO} fori=1,---,N.
3: for j > 1do
4:  For each particle i = 1,--- , N, compute its maximum height:
sup w(XPh.
t<HPI T 'AH !
Let N; be the index of the particle with the smallest score, and ¢; be the
maximum height achieved by this particle. If £; = 1 we stop the algorithm,
since all particles reached the target set.
5. For all “surviving particles”, i.e: for all ¢ # N, leave trajectory as is. That
is to say, set
i,J . _ t,j—1 .
{X¥ :s>0} = {Xs/\H1/\HB :s >0}
6:  For the lowest scoring particle N;, select an index M; uniformly at random in
{1,--- , N} \ {N;} and replace the trajectory of X»i in the following way:
(1) Let o; =inf{s: u(Xéwj’j) >4}
(2)  For s < g, replace X;NN = ij’].
(3)  For s > o, simulate a new piece of trajectory (Xévj ’J)szgj as an inde-
pendent trajectory according to the law of X conditioned on starting
M j
at XUJ. .
7. end for

While we will not delve any deeper into the technical details of this adaptive version,
it is worth noting that the unnormalised measures 43 produced by the particles of
Algorithm 3 are also unbiased (see [3, Section 3.2]) and by drawing a connection with
Fleming-Viot processes, one can also study a Central Limit Theorem, analogous to that
of Theorem 3.5 (see [3, Theorem 3.3]). We now move on to the next and final chapter
of this report.
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4. WEIGHT WINDOWS

The Weight Windows technique is a method for variance reduction in Monte Carlo
simulation that originates in the context of particle transport, in particular in the de-
velopment of the Monte Carlo N-Particle Transport Code (MCNP) code at Los Alamos
Laboratory in the late 1970s and early 1980s, in connection with deep penetration shield-
ing problems. The earliest mentions of Weight Windows we have been able to find are
in the technical reports from Los Alamos Laboratory [6] and [8]. In such problems, par-
ticles must travel through large amounts of absorbing material before reaching a region
of interest, making naive Monte Carlo simulation extremely inefficient.

To address this issue, importance sampling was used to bias trajectories so that
particles were more likely to travel long distances before being absorbed. However, as
noted by Booth in his historical account of the method [2], this choice of biasing led
to the phenomenon that particles located in similar regions of space could carry vastly
different likelihood factors. Booth observed that this behaviour was computationally
inefficient, and argued that particles in similar regions of space should instead have
comparable weights. This observation provided the key motivation for the development
of the Weight Windows algorithm, which we now formulate in an abstract setting:

Let M be a Markov kernel on (E,&). Let h < h < h be three positixie functions on
E. The function h is called the target function, and the difference h — h is called
the window-width. Finally, for any probability measure py € P(E), define tilted

1
probability measure u! by ph(dz) o m o (dx).
x

The Weight Windows algorithm defines a particle system in which at time ¢ we have Ny
weighted particles { (X7, W}):i=1,---, N;}. We denote by X/ and W} the position and
weight of some particle 1 < ¢ < N at time ¢t. The algorithm is defined as follows:

Algorithm 4 (Weight Windows).
1: Sample X} ~ ,ug, and set initial weights W{ = h (Xé) for for i =1,---, Np.
2: forn=1,2,--- do
3: fori=1,---,N,_1 do
4 Sample X! | ~ M(X,,-) and set Wi, , =W
5 if Wi, >h(Xi,,) then

6: Split particle ¢ into Wot + Y offspring, where
h(X} 1)
Wi Wi
YNBernoulli< el \‘ fes J> :
WX [MX5p)
Each offspring with weight h()/(\'ril_i_l), and position X’fﬂ_l.
7: else if W 4 < B()A(flﬂ) then
8: Keep particle with probability hg/?:?l 7 and if kept, set Wi | = h()?flﬂ)
n+1

9: else ‘ - ‘ N
11: end if

12: end for
13: end for
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Xo

Fi1GURE 4. Illustration of weight windows

Important Idea s. The idea behind the algorithm is shown in Figure 4: imagine
a particle starts at location Xy. This particle has a weight equal to its current
h-value, represented by the vertical height of the blue line above X in the diagram.

Suppose our target is to reach the set A, and we use a function h represented as
in the diagram. Then our particle takes a step and takes position X;. Suppose the
step taken was towards the point closer to A. The red region indicates the window
h(X1) < h(X1) < h(X1). In this case, since the height of the blue line above X is
higher than the upper bound of the red region, the particle carries too much weight
and so it is split into several particles. In this way, we have achieved more particles
in the informative region.

On the other hand, suppose that the particle at Xy decides to step away from
A, as indicated by the left point in the figure. In this case the height of the blue
line above Xj is below the red region, and so we must carry out a Russian Roulette
step, potentially removing this less informative particle.

The object of primary interest to us is the measure-valued process (fin)n>0 defined
by

Nn
(4.1) =3 Wity
i=1
which we will use to build unbiased estimators for E[f(X})].

Remark 4.1. It is not true that the object in Equation 4.1 is a probability measure,
even if Wy = 1. Indeed: consider the case where we start with one single particle and
Wy = 1. Suppose that after one transition step, the particle transitions into an area
where it is underweight. With positive probability it will survive the Russian Roulette
step and have weight Wy > Wj.
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4.1. Unbiasedness and a Martingale Property. If we carefully inspect Line 6 and
Line 8 in Algorithm 4, it appears that the total weight of the system is conserved in
expectation. It is therefore reasonable to expect that using fi,(f), we can construct
estimators that are unbiased. We will confirm in the next few results that this is indeed
the case. We now discuss the central idea underlying the upcoming proofs and introduce
some notation.

A key idea in both the results of this section and those in the forthcoming sections is
that the information available at each timestep t evolves in a two-step fashion. To see
this, consider a single particle X;_1 at time ¢ — 1. First, X;_; undergoes an exploration
step, i.e., it moves according to the Markovian dynamics prescribed by M. Throughout
this chapter, we use the notation )A(t to denote the position of particle X; 1 after one
exploration step.

Next, the particle at its new position )A(t undergoes either a Russian Roulette, Split-
ting, or “do nothing” step (which we collectively refer to as a correction step). During
this step, it produces a number M; of offspring, where M; € N U {0}. Note that, in
this terminology, having 1 offspring means that the particle remains as a single particle,
while having 0 offspring means that the particle is killed. In what follows, we use the
notation M} to denote the number of offspring produced by particle i after moving from
its position at time t — 1 to its position at time t.

We can therefore represent a single step of the algorithm for one particle by the
following diagram:

exploration

(42) (X1, Wi1) (Xy, W) —comeetion , f(xi pyi) s i=1,--- , M}

Note for future reference that we assume /V[Z is F;_1 measurable. If we now consider
the entire particle system, an analogous structure arises in terms of filtrations. Let
(Ft)t>0 denote the filtration generated by the particles and their weights up to time ¢.
We then define an intermediate filtration

(4.3) ﬁ:o<ft_1,{)?§:i:1,-.. ,Nt_l}),

that is, the filtration containing all information up to time ¢ — 1, together with the
locations after exploration of each particle alive at time t—1. In particular, this filtration
does not reveal the number of offspring produced by each particle after reaching its new
location. The corresponding diagram for the filtrations is then

exploration y ﬁ correction F

Fi1

Note that in particular F;_1 C ]?t C F:. We are now ready to state and prove the main
results of this section:
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Lemma 4.2. Let (fin)n>0 be the measure-valued process described above. Let F,,
be the filtration generated up to time n by the particles and the weights. Then, for
all f € By(F) we have that

E[/ln(f) | ]:n—l] = lln—l(Mf)

Proof. Let us focus on a single particle (X,,, W,,) at time n, and recall that the particle
evolves via a two-step procedure as described in Diagram 4.2. We will show that

n+1

Z f n+1 n+1 fn+1 = Wn+1f(5€n+1)a

and since offspring inherit the parent’s position, it is enough to prove that

n+1

ZWn+1 n+1| = Wat.

We now examine the left-hand side. Noting that all summands are identical, we may
write, in view of Algorithm 4,

E [Mn+1WfL+1‘]?n+1} =E [Mn+1Wi+1‘Wn+l>Xn+1:|

=E [Mn—l—lW +1 (1{RR} + 1{Spht} + l{Pass} ‘Wn—l—la Xn+1:|

=1gpy |0 1_% +1-h(Xppa) - %
h(Xn—H) h(Xn-i-l)
T Wn—i—l
+ Lggpiity | A(Xnt1) - —=——
{Split} h(Xni1)
+ l{Pabb} (An+1)
= Wi (1grry + Lispiey + Lgpasst) = Wayt.
We now combine this with the exploration step and the Markov property to obtain

Mn+1 ] Mn+1
Zf n+1 7ZL+1‘F71 =E |E Zf n+1 n+1fn+1 Fn

=E [/Wn+1f (Xnt1) ‘]:n:|

= Wos1 (Mf)(X,).

Here, the final equality follows from the Markov property, together with the fact that
W, is F,-measurable.

Note that, as Algorithm 4 is currently formulated, we have /Wn = W,. Having
established the result for a single particle, the general claim follows by linearity of
conditional expectation, summing over all particles and their corresponding correction
events at time n + 1. O

In light of this Lemma, we can now state and prove the following Proposition:
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Proposition 4.3. Let f € By(E). Then for a fixed n € N, the process (I'}?(f))i<n
defined by

LY(f) = (M) = fro(M™ )
is an Fy-Martingale.

Proof. Lemma 4.2 establishes that, for any f; € B,(E), we have
E [fi(fi) — i1 (M fi)| Fiza] = 0.

For n and M as in the statement of the proposition, define f; = M™ f, which is easily
seen to belong to By(E). Finally, by a telescoping argument, we obtain

Ty (f) = (il fi) = i1 (M f3) -
i=1
The martingale property then follows immediately. O

Corollary 4.4 (Unbiasedness Property). For a function f € By(E), define

(4.9 () = oo () = 28 ),

Then #;(f) is an unbiased estimator for E,[f(X})]

Proof. Since the Martingale increments have mean zero,

E[jiu(f)] = Eljno(M"f)].

Now, if the initial particles are sampled from the inverse-tilted law

_ h@)!
g (d) = wo1/1) po(dx),
then
NO . .
(4.5) E [ao(M'f)] =) E[W§(M"f)(X5)]
i=1
(4.6) = No - E,n [h(Xo)(M" f)(Xo)]
No t
(17) = oy B [O1)(X0)]
__ M
(4.8) = o/ Ep [ (X)),
as required. m

4.1.1. A modification of the algorithm to include killing. So far, we have presented the
Weight Windows algorithm as a means of generating an “artificial push” at the popula-
tion level towards a region of high interest; see Figure 4. However, in many applications
one is interested in Markov chains with killing. That is, there is a subset E? C F
such that, upon entering E?, particles are immediately killed. For instance, one may be
interested in computing

E[f(X:)1{Hs > t}],

where Hy denotes the hitting time of E?.
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Algorithm 4 admits a simple modification. The evolution of a single particle is now
described by
(4.9)

exploration
_—

(Xi 1, Wi_1) (X, Wi)

correction/killing {(Xg, Wtj) 1] = Mt} Xt ek \ Ea
%
f, X, € E?.

Here t means that the particle is killed. Equivalently, the particle is removed from
the computation entirely, or one may adjoin a cemetery state 1 and extend every test
function by setting f(1) =

At first sight, it is not immediate how Corollary 4.4 changes under this modification,
since mass may now be lost through killing. However, a simple calculation shows that
the modified algorithm remains unbiased for the killed dynamics.

Proposition 4.5. Let K be the killed kernel, defined by
K (z,dy) = M(z,dy)1{y € E \ E?}.
Then, under the modification shown in (4.9),
E[2(f)] = no(K'f) = E[f(Xy)1{Hp > t}].

Proof. It suffices to prove the analogue of Lemma 4.2. In the standard version of the
algorithm, one has

Elfie(f) [ Fea] = fu—1 (M ).
We now show that, under the modification (4.9),

Elit(f) | Frm1] = fu—1 (K f).

Consider a single parent particle (Xt, W,) at time t. After the exploration step, let
the proposed position be Xt+1 and set Wt+1 =W; If Xt+1 e EY , the particle is killed
and produces no offspring. If Xt+1 € E\ E?, it produces M; offspring and the usual
Weight Windows correction is applied.

Conditioning first on the intermediate filtration .7?t+1, the usual unbiasedness calcu-
lation for the correction step gives

M
E Z Wit f(Xii) -7:t+1] = 1{Xi11 € E\ B/} Wi f(Xip1).
i=1

Taking conditional expectation with respect to F; gives

]:t] = Wt/EM(Xt,dy)l{y € B\ Ea}f(y)

= Wi(K f)(Xy).

Summing over all parent particles alive at time ¢ and using linearity of conditional
expectation yields

My
E|) Wi f(Xi)
=1

Elfu1(f) | Fe] = (K f).
As required. a
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4.2. Some convergence results. With Corollary 4.4 at hand, we can immediately
derive some convergence results as Ny — oo. The key observation is that the particle
system can be decomposed into Ny independent genealogies, each of which acts as a
version of the algorithm with one single initial particle.

Theorem 4.6. Let 7y n,(f) be defined as in Equation (4.4). Then for any ¢:

(1) .35, (f) = po(M*f) almost surely as Ny — oc.
(2) As Ny — oo,

VNo (0,80 (F) — 1o (M*f)) = N(0,07(f)),
where

o2 () = no(1/m)*Var (i (f)) |
(1)

and fi,”'(f) denotes the estimator obtained by running the algorithm with
a single initial particle.

Proof. For each initial particle Xé, i=1,---, Np, define

N
(4.10) V() = po(1/h) > W F(X),
j=1

where N} denotes the number of particles in the lineage of the “original ancestor” i at

time ¢, and (Xti’j , V[/ltZ J ) are the corresponding particles and weights of the offspring at
time ¢.

In other words, Y;!(f) is precisely the estimator (4.4) restricted to the descendants of
a single initial particle. It follows that

1S
o (f) = 3o 2V (F).
i=1
Since each lineage evolves independently and the initial particles are i.i.d., the random
variables Y} (f),---,Y{¥°(f) are independent and identically distributed.

Moreover, by Corollary 4.4, each Y'(f) satisfies

E[Y/ ()] = Ep, [f (X0))-
Therefore, the strong law of large numbers yields the almost sure convergence

DN (F) = Epuo[f (X0)] = po(M'f).

The central limit theorem then gives

VNo (21,5 (f) = o (M 1)) = N (0, Var(Y(1)).
Finally, observing from (4.10) that Y,'(f) = uo(1/h) ﬂgl)(f), we obtain

Var(V;!(f)) = o(1/h)?Var (i (1))
which completes the proof. O

Remark 4.7. Theorem 4.6 holds for the case where we have killing, with the modifica-
tions of M for the killed kernel K.



20 JAN OLUCHA FUENTES

4.3. Analysis of Variance. Recall from the previous section that for a fixed n € N,
and f € By(E), the process {I'}(f)}i<n defined by

t
P(f) = (M F) = fio(M™ ) =3 fus(£s) = s 1 (M fs) - ZN
s=1

was an Jy-Martingale. In particular, this implied that 2;(f) is an unbiased estimate for
E,, [f(X:)] with variance

2
Varta( ) = P Var (1)

(1)

where the superscript in fi; ' (f) denotes that the algorithm is run with one initial
particle. To obtain a fully explicit formula for Var(2;(f)), we need to investigate further

Var (ﬂgl)( f)) This will be the objective of this section. In particular, we have the

following decomposition of variance:

Theorem 4.8. With /i;(f) as in Equation (4.1), we have that

Ns 1
(4.11) Var(fi:(g ZE Z ( E‘P(;WSZ»( 1)
g=il
Ns 1 D .
(4.12) +ZE > (W) (Mg — (Mg,)?) (Xisy)
=1
(4.13) + Var(fig(M'g))
where
0, if w lies inside the weight window at =,
w
i <
W(a,w) = § M) h(:c)( h(x > i < bz)

o 25} (- {i}) 0ot

As the decomposition shows, the variance splits into three distinct contributions. The
first, (4.11), captures the variance introduced by the correction mechanism, namely the
Russian roulette and splitting steps (the more often we perform these corrections, the
more extra randomness we introduce). This contribution decreases as the width of the
weight window increases. As an extreme example, from the definition of ¥, we see that
when the window is infinitely wide, corrections are never triggered, and so this term
vanishes altogether.

In contrast, term (4.12) reflects the variance introduced by the transitions of the
chain, amplified by the square of the weight of each particle. A more detailed discussion
regarding this term will have to wait until we explore a connection with the Doob
transform in section 4.4. The final term, (4.13), simply captures the variance due to the
choice of initial measure.
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Proof. We begin by noting the following useful decomposition:

(4.14) fie(9) — Elfu(g)] = (u(g) — fio(M'g)) + (fo(M'g) — Elfu(g)])
(4.15) = (fuu(g) — po(M'g)) + (fio(M'g) — Elfig(M’g)]).

Where to obtain Equation (4.15), we have used the fact that E[fi:(g)] = Elio(M'g)].
Squaring Equation (4.15) and taking expectations gives

(416)  Var(iu(g)) = E | (fulg) — fio(M"g))*| + Var(io(M'g))
(4.17) + Cov (fue(g) — fo(M'g), fio(M'g) — Elf1o(M'g)]) -

Now notice that the covariance term in (4.17) is zero because fio(M'g) — E[fio(Mg)]
is Fo-measurable, and

t
fir(g) — fo(M'g) = AL and E[AL | Fy) =0.
s=1

Hence,

Cov (fu(g) — fio(M'g), fio(g) — po(M'g)) ZE [A% % (fi0(g) = f0(M'g))],

and by conditioning on Fy in this last expectation, we see that the covariance equals
zero. In summary, our starting point is

Var(u(9)) = E [(j(9) — io(M'g))*] -+ Var(jio(M'g)).

Fortunately, the expectation above can be understood thanks to Proposition 4.3. In
particular, since

fit(g) — fo(M'g) ZA

and E[AL | F5_1] = 0, we see, due to orthogonality of the increments, that
(4.18)

t ¢

E |(fu(9) - fn(M'g))*] = ZE[ (297 = Y B [E[(A)*|Foa]] = DB [Var (a1 F1)].
s=1 s=1

Now we focus on the conditional variance Var (A’;}]{S_l). We use the law of total
variance to insert the intermediate filtration Fs_1 C j-"\s , and obtain

7) 77,

We now focus on each of these terms individually. First, consider Var (At ) Recall

(4.19) Var (AL|F, 1) = E [Var (Ag

,1} + Var (E [Ag

that Al is precisely fi5(gs) — fis—1(Mgs), and since fis—1(Mgs) is Fs—1 C ]:S—measurable,
it follows that

Var (Ag

/\s> = Var (/ls(gs)
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Let us now study this variance:

N
(4.20) Var (ﬂs(gs) f) = Var <Z Wigs(X?) ;?)
=1
Ns_1
(4.21) = Var | Y Wi*Mig(XD)|F,
=1
s—1
(4.22) =3 gu(XD)? Var (W;’*M;‘ fs),
i=1

where W* denotes the post-correction weight associated with particle i at time s — 1,
namely the weight inherited by each of its offspring after the correction step.

~

Now we need to determine Var ( W2 M? }"S). This variance arises from the random-

ness introduced during the correction step. The key observation is that this conditional

variance is a function \IJ()?;, /WS‘) of the position and weight after exploration. We dis-
tinguish three cases:
e Pass: Suppose that /V[Z? € (ﬁ()?;), B()?;)] Then there is no correction step, so
M!=1and W = WS’, which is Fy-measurable. Hence the conditional variance
is zero. e N
e Splitting: Suppose that W! > h(X!). Then we perform splitting. The weight of
each offspring becomes h()?;), which is Fy-measurable, and the only randomness
comes from the number of offspring:

Msl - W{f + Y;, Y;,Z ~ Bernoulli Wff - V[is .
h(X%) h(X%) | MXY)

In this case the conditional variance is

ol ()
h(X?) h(X?)

where {a} denotes the fractional part of a.

—.
7
S

e RR: If /W; < ﬁ()?;), then we keep one offspring with probability hV{: and

7
S

weight h()?;), which again yields conditional variance

h(X%)?. W: (1— /WA >
h(Xi) h(Xi)

S S

In summary,

Var (WM F,) = w(X W),
where
0, if w lies inside the weight window at =,
w w
h(z)? —— (1 - — if w<h
W (e, w) = § M50y ( h(m)) ’ ifw < hla),

h(z)? h?}x)} (1-{%}) if w > ().
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Therefore,
Ns_1
E [Var (Ag }'S> ]-'3_1} —E !H 95(XO20 (X WH)|F, s
Ns_1
= > M (U WD) (Xi).
=1

Now we return to Equation (4.19) and consider the second term,

Var (E [Ag ﬂ ]-'3_1) .
We first note that
B [AL|F] =B [jis(g:) — s (Mgs)| 7]
= E [fis(90)| ] — fis-1(Mg,)
Ns—1

= Z Wslgs()?é) - ,as—l(Mgs)'
i=1

Here the third equality follows from the proof of Lemma 4.2. Since fis—1(Mgs) is Fs—1-
measurable, we obtain

Ns—1
Var (E [Aé j:\s] fs—1> = Var Z Wigs(X1)|Faa
i=1
Ns_1 e R
= ) (W))? Var(gs(X3) | Fo-1)
Neos

= D (W? (Mg? — (Mg.)*) (X 1) -
i=1
Combining and substituting into Equation (4.18), we obtain

E | (fulg) — in(M'g))*| = D ElVar(AL | Fooy)]
s=1

t Ng_1
=3 E| Y M (g0 W)) (X
s=1 i=1
t Ns_1 . ‘
+YE| (Wi (Mg? — (Mgy)?) (Xi,)
s=1 =1

O

Remark 4.9. In a similar spirit as before, the result for Theorem 4.8 holds for the case
of chain with killing under the appropriate modifications: replacing M by K and g;
become K'~%f instead of M!=5f.
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4.4. A connection with Doob’s transform and a many-to-one formula. For a
function v : E — (0,00) and a transition kernel M, we can define the u-transformed
kernel (called Doob’s transform) by

u(y)
MY (xz,dy) o« —= M (z,dy).
(z, dy) (z) (z,dy)
The idea behind this construction is to bias the dynamics of the Markov chain so that
transitions that increase the value of u are favoured, whereas transitions that decrease
it are penalised. In this way, trajectories are tilted toward regions where u is large. See
[5, Section 5.2] for more details on the Doob transform.

Let us now consider the Weight Windows Algorithm with target function h. This
algorithm does not modify the transition kernel: particles always evolve according to
the original dynamics prescribed by M. Instead, the algorithm modifies the particle
population through splitting and killing. In transitions where h is reduced, particles are
split and therefore become more numerous, whereas in transitions where A is increased,
particles are killed with some probability.

Thus, although the individual particle dynamics are unchanged, it seems that the
empirical distribution of particles evolves as if transitions toward regions of smaller A
were favoured and transitions toward regions of larger A were penalised - the opposite
to what the Doob transform does. This suggests a connection between the Weight
Windows Algorithm with target function h and the Doob transform associated with
the function v = 1/h. This intuition is in fact correct, and it is made precise in the
following theorem, which resembles the form of a so-called many-to-one formula (confer
[7, Theorem 1.1], or [1, Lemma 25]).

Theorem 4.10 (Doob transform and Weight Windows). Let a function u : £ —
(0,00) be given, and consider the weight windows algorithm with target function
h = 1, a zero-width weight window, and initial law po. Let (X! : s < t) for
i =1,---, N; be the trajectories of the particles alive at time ¢. Then for a function
F € By(E'™1), we have for all 0 < k <t — 1

N ' Ng t—1 ‘ ‘
SF (X[lo:to J—"k] -3 B (H Q(XS)> F (Xf():to X[z():k]]
=il =1 s=k

where E* is expectation with respect to the probability measure under which (Xs)s>0
is a Markov chain with dynamics given by the u—transformed kernels M", and

Q(z) = (Mu)(x)/u(z).

(4.23) E

Before proving Theorem 4.10, we are going to give the intuition behind Equation 4.23.
Assume we wish to compute the conditional expectation of the quantity

N .
Z; F (Xiyg)

given all the information up to time k. The theorem shows that this can be understood
in the following way. Consider the particles that are alive at time k, and condition
on their trajectories up to time k. From time k onward, each particle evolves as an
independent Markov chain with dynamics given by the Doob-transformed kernel M*™.
Along each such future trajectory, the function F' is evaluated, but the contribution of
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Q(X¢-1)

FicURE 5. The trajectory is fixed up to time k, and then is let to run
according to the dynamics prescribed by M". The final value of the
function evaluated along the trajectory is weighted by the expected future
growth of the population.

the trajectory must be multiplied by the factor

t—1
[[Q(X:), where Q(z) = (Mu)(x)/u(x)
s=k

The interpretation of this factor is very natural: as will be explained shortly (see
Remark 4.12), Q(x) is exactly the expected number of offspring produced by a particle
located at x after one step in the zero-width Weight Windows algorithm. Thus, the
product Hi;}c (Xs) represents the expected population growth along the future tra-
jectory. In other words, the theorem states that the future contribution of the particle
system can be computed by letting each particle evolve under the Doob-transformed dy-
namics and weighting each possible future path by the expected number of descendants
generated along that path.

The proof of Theorem 4.10 begins with the following Lemma:

Lemma 4.11 (Expected number of offspring). Consider a particle (X,,, W,,) at time
n in Algorithm 4 in the zero-width regime with target function h. Recall that the
particle evolves according to the two-step process

(Xy—1, Wi_1) _ Gsleien (5%, 7)) ST {(Xi, W) ci=1,--, M}

—

Then, E [Mt | .FAt] =—r= ([X[l 7 where .T-At is the intermediate filtration defined in Equa-
t
tion 4.3.

Proof of Lemma 4.11. Since we impose a zero-width weight window, we see that each
particle undergoes either a Russian roulette or a splitting event at every step (indeed:
even if the weight after exploration is exactly the target weight, by looking at Line 7,
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we see that a Russian Roulette with survival probability 1 is triggered). We therefore
examine the number of offspring in both cases.

Russian roulette. By Line 8 in Algorithm 4, particle X; produces one offspring with
probability

W,
h(X)
and zero offspring otherwise. Hence,
~ W
E[M,; | Fi] = ———.
h(Xt)

Splitting. By Line 6 in Algorithm 4, the number of offspring is

{ W J”’
h(Xt)

Y ~ Bernoulli Mff — Mﬁf .
h(X) | h(Xt)

It follows that the conditional expectation in this case is also

where

~ W,
E[M, | F] = ——.
h(X,)

O

Remark 4.12 (Relationship between Q(z) and the number of offspring). In the zero-
width version of Algorithm 4, a correction is applied at every step, so that we always
have
Wy = h(Xy—1) forall .
By Lemma 4.11, the expected number of offspring at time ¢ satisfies
~ h(X:—
E [Mt yft} _ Xer)
h(X)
Taking conditional expectation with respect to F;_; and recalling that h = 1/u, we
obtain R
E[u(X:) | Fic1]  (Mu)(Xi—1)

E[M; | Fi-1] = W(Xo 1) TG A Q(X¢-1).

Therefore, Q(z) has a clear probabilistic interpretation: it is exactly the expected num-
ber of offspring produced by a particle located at = after one step in the zero-width
Weight Windows algorithm. This explains why the factor Hi;}c (Xs) appears in The-
orem 4.10: it represents the expected population growth along the future trajectory.

We’re now ready to prove Theorem 4.10.

Proof of Theorem 4.10. The proof begins by noting the following identity:
Nt . . Nt71 . . . -
i=1 i=1
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Taking conditional expectation with respect to j—'\t and applying Lemma 4.11 along with
the fact that since we are performing a correction after every step, we always have
Wy = h(X,—1), yields

Ny

E|Y F(Xg---, X))
i=1

And now, we take expectation with respect to the smaller sigma-algebra F;_1:

N1
ZFXO,---, Y Fie 1] Zh }—t—l]

Let’s analyse carefully the conditional expectation in the right-hand-side of 4.24. By
the Markov Property, if we define G(xq,--- ,x¢—1) by:

Ni1
_ . h(X?
ft] = 3 F(X, -, X X)) Xi),
=1 h(XZ)

F(X(Z)’ e 7X§—173€ti)

(4.24) .
h(X})

(4.25) G(zo, -+ ,x4-1) = /E F(zo, .}'l'(?;)xt_ljy)M(%—l,dy)y

then it follows that
F(X(Z]’ T 7Xti—1’ )/(\z%)

E Sk Fia
h(X7)

= G(Xév o an—l)'

However, if we carefully look at Equation 4.25, we see that

(4.26)

G(xo, -+ ,14-1) = Q(xt—1)u(a:t_1)/EF(a:o,--- ,xt—l,y)Q(xtjgi)(xt_l)M(mt—hdy)

(4.27) = Qar-1)u(zr1) / F(zo,++ »m1,5) M (ze_1, dy).
E
In other words,
(4.28)
F(Xif"inf?Xi) i % u 3 7 7 7
E 0 bt ftl] = Q(Xi_)u(X{_1)E |:F(X05"'  Xi1, Xy) : }

h(X])

Substituting into Equation 4.24 we obtain

N¢ Ni—y

(4.29) E ZF(X6,~- L X7) ft—l] = Z Q(X{_,)E" [F X[Ot] ‘XOt 1]
i=1 i=1
Ni—1

(4.30) —ZEu[ (Xi—1)F(X[p.) ‘X()t 1]

Now a simple (backwards) inductive argument shows that for any 0 < k <t — 1, we
have that

(4.31) E | F(Xj-, X))

Fk] Z E"

(HQ ) (Xfo)

Xo. k}]
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Indeed: the base case is already given by Equation 4.30, and so if we assume Equation
4.31 holds for some k, we can show it holds for k — 1 using the same argument:

(4.32)

Nt B Nt
i=1 L =1
Ng
(4.33) =E|> E* (HQ (X2) ) Xo)) | X k}] Fr-1
i=1
L F(X[Zok]) |
N1 )
(4.34) = Z E* _Q(XIQ—QF(X[ZO:IC})‘X[loqu]}
Ng—1 i
(4.35) = Z E" |Q(X}_) <HQ ) (Xjo) X[lO:k]] X[ZO:k—l]]
Nk71 : i1 . . .
(4.36) = Z E" ( H Q(X§)> F(X[.) X[zo:k—u]
i=1 [ \s=k—1
O

We immediately have the following consequence by applying Theorem 4.10 with &£ = 0
integrating one final time to remove the randomness in Xj:

Corollary 4.13. With the same notation as in Theorem 4.10, we have that

( ) N, 4 ZF [Ot <:1:[[1)Q(Xs)> F(X[io:t])] .

B [H(Xo, - X)) = /E EY[H (X0, - , X0)| Xo = lpo(dx)

Where

Remark 4.14. Notice that by using F' =1 in the corollary above, we see that
o 5] -2 | oo

We can write this in a further more 1llustratlve way:

i Tew].

This is of course not a surprise, since as we discussed in Remark 4.12, Q(z) is the
expected number of offspring produced by a particle currently at x after its exploration
step under the Weight Windows Algorithm. In the case where we have a kernel M and
a function v that satisfy an equation of the type Mu = Au, the equation above collapses
to a simple E[N;/Ny] = AL

t—1

H Ns+1

s=0

E
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4.4.1. Back to the variance of fiz. As promised, we now return to the variance decom-
position of Theorem 4.8, and in particular to Term (4.12). Recall from the discussion
following Theorem 4.8 that Term (4.11) can be interpreted as the variance introduced
by the correction mechanism. In particular, as the weight windows become infinitely
wide, this term vanishes.

It is then natural to ask how the choice of weight windows influences Term (4.12). At
a heuristic level, this term resembles a weighted sum of squares, and it is well known
that, under a fixed total mass constraint, such sums are minimised when the summands
are equal. This suggests that enforcing frequent corrections—potentially at every step,
as in the zero-width regime—may help reduce this contribution to the variance.

Of course, the situation here is more delicate: the total mass is not conserved, and
the squared weights are further multiplied by local transition variances. Nonetheless, it
remains plausible that tighter control of the weights may lead to a reduction of Term
(4.12).

While we have not been able to establish this rigorously, we now provide a heuristic
argument based on the example of a simple symmetric random walk (SSRW) on the
interval Ey := {—k+1,...,k — 1}, killed upon reaching +k.

Example 4.15 (Random Walk with Killing). Consider a SSRW on the interval Ej, :=
{—=k+1,...,k — 1} with killed kernel

1 1
K(w,y)zil{y:w—l, Y| <k}+§1{y:x+1, ly| < k}.

It is a simple calculation to check that K has principal eigenpair u and A given by

u(x) = cos (%) , A = cos (%) .

Let us write Term (4.12) as

Ac=E| > (WIV(XZ )|,  Vily) = Var(ga(X,) | Xe1 = ).
Z’ENS—I

We wish to understand how the choice of weight windows affects As. To this end,
consider weight windows of the form

h _
h=", h=ah, a=1+¢,
(0%

where € > 0 is small. Since the width of the windows is small, the weights remain close
to the function h. More precisely, for each particle x at time s — 1, we may write

(W) = hexz ) (B20)%,

. w1
= —, .
XL e

Since RY_; remains close to 1 when ¢ is small, we may, at a heuristic level, focus on the
leading contribution

where

(4.37) A~ E | Y W(XE )P Vi(XE)
TENg_1
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Since we are working with a SSRW, a simple computation gives

(1.38) Vale) = § (9o + 1) = oz~ D),

where g;(+k) = 0. Now, if we are interested in computing P,(H? > t), we want to
estimate jo(K*1), and hence

gs(x) = (K'°1) ().
We now work in the time regime 1 < s <« t. In particular, since ¢t — s is large, we
approximate (K®7%1)(x) by its principal spectral component:

gs(x) = ck)\t_su(m),

where

. (1, u) 2lyl<k U(y) 1 o ( T >
L = = = — — .
<u,u> Z|y\<k ’U,(y)Q k 4k
Plugging this approximation into (4.38) gives, in the regime s < t,

Vi(z) = CRA20%) (u(z + 1) — u(z — 1))?

_ (7 \2At=s) o2 (T
(4.39) CIN2=9) gin ( %).
Combining (4.39) with (4.37), and using h = 1/u, gives
1 T
~ ' 2(t—s) e e AL
As = C) A E Z T sin (2k>
e, cos® { o
_ (7 \2(t—s) 2 (T
(4.40) CIA—9E e%: tan <2k)
z s—1

From Equation (4.40) we see that, under this approximation, the dominant effect
of the choice of weight windows is through the distribution of particle locations. In
particular, since tan?(7z/2k) grows large as |z| — k, the term A, becomes large if
particles spend significant time near the boundary points +k.

At this point, the intuition for why narrow weight windows improve Ag becomes clear.
As shown in Corollary 4.13, if the width of the weight window is zero, Equation (4.40)
can be evaluated using the Doob-transformed dynamics. In this case,

X
(4.41) Ay = Cf NoAH= G+ R [tan2 <7T 2; 1)] .
Under the Doob-transformed dynamics, the chain is pushed towards 0, making visits
close to the boundary points £k infrequent. Moreover, the invariant measure of the
Doob-transformed kernel K is proportional to u(z)2. Therefore, if s > 1 so that the
transformed chain has had time to mix, then

u 2 (X1 ~ 2 ﬂ
E [tan < 5% )] ~ E u [tan <2k>]

_ Z|x\<k sin” (%) _ k—1 <1
Z|m|<k cos? (%) k

Thus, under the Doob transform, the inward push is sufficient to keep the expectation
in Equation (4.41) bounded above by 1.

(4.42)
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By contrast, when the weight window is widened, the particle distribution is no longer
governed exactly by the Doob transform. Even a small increase in the time spent near
the boundary can significantly increase the expectation in (4.40), due to the growth of
the tan? term.

This suggests that, at least heuristically and in the regime 1 < s < ¢, narrower weight
windows—and in particular the zero-width regime—are favourable for controlling the
contribution of Term (4.12).

We conclude the report by noting a few comments on the case where we don’t imme-
diately take Wt Wi_1, but rather introduce an extra factor that is F;_i-measurable.

4.5. A variant of the algorithm. From Corollary 4.13, we know that

E[N,/Nol =B | [[Q(X

s<t

Note that in the case where Mu = Au, then this right hand side simplifies to Af. In this
particular example, if A < 1, then on average, population decreases after every genera-
tion, and so it could be that our algorithm dies out. Conversely, if A > 1, population
is increasing on average by a factor of A at each generation, so it may quickly grow
too large. An idea is then to modify the algorithm so that the ratio N;/Ny remains
1 in expectation. The trick will be in Line 4 of Algorithm 4, instead of simply taking
Wn+1 = W,, we can add an extra factor that will correct for the number of offspring.
Indeed, suppose that G : E — [0, 00) is given, then we can replace

—~

Wypi1 < W, by Wi = G(X,)Wh.

We will refer to this variant as the modified version of the Weight Windows Algorithm.
We now investigate how Lemma 4.2 and Theorem 4.10 change after this modification.
The first is simple. Indeed, as shown in the Proof of Lemma 4.2, we know that for a
single particle performing a step of the algorithm, we have

My,
E > [(X)Wa|Fno
=1

so in our modified case, this right-hand side becomes G(X,,—1)(M f)(X,,—1). The argu-
ment now goes very much like that of Equations (4.32) through (4.36). Indeed,

G(Xn1)(M[)(Xn-1) = B[G(Xn1) f(Xn)|Fn1],

so, if we were to condition 4.43 on F;,_s, the right hand side would become

G(Xn—2)E[G(Xn-1)E[f (Xp)|Fn-1][Fn—2] = E[G(Xn_2)G(Xn-1)f(Xn)|Fn-2].
Iterating down, we get that

M, n—1
E Y f(X)Wa|Fi (H G(Xs>) F(Xn) fk] :
i=1 s=k

A similar modification applies to Theorem 4.10. Indeed, Equation 4.24 becomes

N¢
E | F(Xj-,X FH] :
=1

(4.43)

] = Wa(M f)(Xno1),

F(X67 e 7X§—17)/(\g)
h(X})

N1 ‘
)| Fie 1] Z G(X! (X! )E
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and the G can be absorbed into the F. The computation then carries through in the
same way, and we obtain the modified version of Equation (4.23), which reads

N Ny, t—1
E > F (X)) || = 2B | TT6X0QX) | F (Xioy ) [Xiog
i=1 i=1 s=k
A consequence is that if we choose G = 1/Q), we obtain that E[N;/Ny] = 1.

5. CONCLUSION AND FUTURE WORK

In this report, we have studied a collection of importance-splitting variance reduction
algorithms for rare event problems, including an overview of Multilevel Splitting and
its adaptive variant, as well as an in-depth analysis of the Weight Windows algorithm.
Regarding the latter, we have stated and proved results concerning unbiasedness, con-
vergence, variance analysis, and a connection with Doob’s h-transform which, to the
best of our knowledge, are not currently available in the mathematical literature.

An important limitation of the Weight Windows algorithm, as studied in this report,
is the random nature of the particle population size. Indeed, as illustrated in Corollary
4.13, in the zero-width case it is easy to see that if (Mu)(z) > Au(x) for some A > 1, then
the particle population grows exponentially in expectation. Conversely, if (Mu)(z) <
Au(z) for some A < 1, then the particle population decreases exponentially and the
algorithm may terminate prematurely. It is therefore natural to consider extensions of
the algorithm in which an explicit population control mechanism /\is introduced. For
example, when updating the weights, instead of taking naively W} = W/ |, as was
done throughout this report, one could include a compensating factor accounting for
the current population growth, such as

= ; Ni_o
Ni_i

However, the introduction of such terms complicates the analysis, since the factor
Ny_o/N;_1 depends on the entire population rather than on individual parent particles.
For example, genealogies would no longer evolve independently. The study of such
population-controlled variants therefore constitutes a natural direction for future work.
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